Countably compact groups satisfying the open mapping theorem  by Dikranjan, Dikran
Topology and its Applications 98 (1999) 81–129
Countably compact groups satisfying the open mapping theorem I
Dikran Dikranjan 1
Dipartimento di Matematica e Informatica, Università di Udine, Via delle Scienze 206, 33100 Udine, Italy
Received 15 November 1997; received in revised form 5 January 1999
Abstract
We discuss the structure and Cartesian products of the countably compact groups G that satisfy
the following forms of the open mapping theorem: (a) every continuous surjective homomorphism
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1. Introduction
Countable compactness is surely the first compactness property introduced in topology
by Fréchet [57] in 1906 (a topological space is countably compact if its open countable
covers always admit a finite subcover). On the other hand, Freudenthal [59] emphasized
in the early 1930’s the distinction between continuous homomorphisms and open
continuous homomorphisms of topological groups (so that a surjective open continuous
homomorphism G→ H can be canonically identified with the quotient homomorphism
G→G/kerf ). The subject of this survey are the countably compact groupsG that satisfy
the following forms of the open mapping theorem (briefly, OMT):
(a) every continuous surjective homomorphismG→H is open,
(b) every continuous isomorphismG→H is open,
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where in both cases H is a Hausdorff topological group. In the sequel all topological
groups will be Hausdorff. Following the tradition introduced by Stephenson [99] a
topological group (G, τ) satisfying (b) will be called minimal (since the topology τ is a
minimal element of the partially ordered, with respect to inclusion, set of Hausdorff group
topologies on G). Analogously, a group G satisfying (a) will be called totally minimal
(following [29]), since G is totally minimal iff all quotients of G are minimal. Compact
groups are obviously totally minimal, the first examples of non-compact minimal groups
were given in [99] (for examples distinguishing compact, totally minimal and minimal
groups, see [29]). While countable compactness is a purely topological property, (a) or (b)
are strongly related to the topological group structure. This tempting possibility to combine
two kinds of properties with rather different nature motivated the choice of our general
line: impose some kind of OMT on countably compact groups in order to “improve” the
property of the group. To show the strong impact of OMT on countably compact groups
we start with two leading examples in Section 2: OMT may force a countably compact
group to have convergent sequences or large ω-bounded subgroups.
This survey is focused on three topics:
(I) countably compact totally minimal groups (Section 3),
(II) structure of countably compact minimal groups (Section 4),
(III) products of countably compact minimal groups (Section 6).
In Section 2 we give the definitions of all kinds of compactness-like properties used in
the paper and the necessary background on some classical forms of the OMT, minimality,
etc. In Section 3 countably compact totally minimal groups are proved to be compact
in the Abelian (or more generally, nilpotent) case. Various possible strengthenings are
discussed: in the direction of removing the algebraic restraint, and in the direction of
replacing countable compactness by pseudocompactness (in Section 3.2).
In Section 4 we discuss in detail the structure of countably compact minimal groups.
The question whether connected, countably compact, minimal Abelian groups are compact
depends on the existence of measurable cardinals (more precisely, such a group must be
compact whenever its size is not Ulam-measurable). This permits a complete description
of the countably compact minimal Abelian groups G with connected component of not
Ulam-measurable size, in particular Gω is minimal for such a group G. Here we discuss
also thin generating (i.e., suitable) sets of countably compact groups.
In Section 5 we offer different views on countable compactness—a topological one
in Section 5.1, and a categorical one in Section 5.2. In Section 6 we provide several
applications of the structure theory of countably compact minimal groups: minimality of
products, suitable sets, etc. Since finite products are always minimal, particular emphasis
is given to infinite products and powers: for countably compact minimal Abelian groupsG
the powerGω is minimal iff the connected component ofG is compact. We then study other
properties that may fail to be preserved under taking Cartesian powers, such as countable
compactness, (non)having a suitable set, and absolute countable compactness. Here we
see that minimality does not contribute in preservation of countable compactness under
products.
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In a separate section (Section 7) at the end of the survey we collect all open questions.
Some of them concern other levels of countable compactness that are not sufficiently
considered in this survey (such as absolute countable compactness, etc.).
This survey has inevitably some common points with my recent survey on minimal
groups where countable compactness appeared as well [26, Sections 5, 6]. In order to avoid
the overlap, several levels of weak versions of countable compactness are provided here.
This permits to see better which features of countable compactness are needed to prove
the various theorems. On the other hand, most of the “exotic” countably compact minimal
group have stronger properties (as ω-boundedness). For this reason we pay no attention
to properties between ω-boundedness and countable compactness (such as total countable
compactness, 2 p-compactness and others [117]). We spend some time in Section 2.3 and
Section 5.2 to discuss the weaker versions of countable compactness used in this paper.
The reader interested only in countably compact groups may assume all groups countably
compact, this leaves all theorems in Sections 3, 4 and 6 true (with eventual exception of
those in Section 3.2).
We denote by N and P the sets of naturals and primes, respectively, by Z the integers by
Q the rationals, by R the reals, by T the unit circle group in C, by Zp the p-adic integers
(p ∈ P), by Z(n) the cyclic group of order n (n ∈N). The cardinality of continuum 2ω will
be denoted also by c.
Let G be a group and A be a subset of G. We denote by 1 the neutral element of G and
by 〈A〉 the subgroup of G generated by A. The group G is divisible if for every g ∈ G
and positive n ∈ N the equation xn = g has a solution in G, G is reduced if 1 is the only
divisible subgroup of G. For an Abelian group G we denote by r(G) the free-rank of G
and we set
G[n] = {x ∈G: nx = 0}, n ∈N.
For a family of groups {Ki}i∈I the Corson Σ-product of the family is the subset of all
elements of the cartesian product
∏
i∈I Ki having countable support. In case all groupsKi
coincide with a single groupK and |I | = α, we denote the Σ-product by ∑(Kα).
Completeness of topological groups is intended with respect to the two-sided uniformity,
so that every topological groupG has a (Raı˘kov) completion which we denote by G˜, while
c(G) denotes the connected component of a group G. We denote by K the (compact)
Pontryagin dual of the discrete groupQ, i.e.,K is the group of all homomorphismsQ→ T
equipped with the topology of pointwise convergence.
Recall that the upper central series {Zn(G)} of a group G is defined by: Z0(G) = {1}
and Zn+1(G)/Zn(G) is the center of G/Zn(G). A group G is nilpotent if Zn(G) = G
for some integer n. The smallest such integer n is called the nilpotency class of G. For a
topological groupG, the subgroups Zn(G) are closed.
For undefined symbols or notions see [31,54,60].
2 A topological space X is totally countably compact if every countably infinite subset contains an infinite subset
contained in a compact subset of X.
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2. Preliminaries
2.1. From countably compact to pseudocompact groups
We recall some notions of compactness-like conditions in a topological group G.
A group G is precompact if its completion G˜ is compact (or, equivalently, if for any open
U 6= ∅ in G there is a finite subset F ⊆ G such that FU = G), pseudocompact if every
continuous real-valued function on G is bounded, ω-bounded if every countable subset
is contained in a compact subgroup (a group G is ω-bounded precisely when all closed
separable subgroups of G are compact). ω-boundedness implies countable compactness,
and countable compactness implies pseudocompactness (see the diagram below). More
generally, for an infinite cardinal α, a groupG is initially α-compact if every cover of 6 α
open sets of G has a finite subcover,G is α-bounded if every subset of cardinality 6 α of
G is contained in a compact subgroup ofG. α-bounded always implies initially α-compact
and initially ω-compact coincides with countably compact.
We recall here three closure operators related in a natural way to countable compactness,
pseudocompactness and ω-boundedness. The P -topologyPτ associated to a topology τ , is
the topology generated by theGδ sets in τ taken as base of open sets of Pτ . We shall simply
speak of Gδ-closed and Gδ-dense sets, when referring to this topology. The following
theorem of Comfort and Ross [16] shows the importance of this notion of density.
Theorem 2.1. A group G is pseudocompact iff it is precompact and Gδ-dense in G˜.
For a subset A of a topological space X define clω(A)=⋃B∈[X]6ω B . Then A is said to
be ω-closed (respectively, ω-dense) if clω(A)= A (respectively, clω(A)= X). This is an
idempotent additive closure operator (in the sense of [41]) that induces a finer topology
τω on X with countable tightness (this is the coarsest topology on X with these two
properties). The space X has countable tightness iff τω = τ . In analogy with Section 2.1
one can prove that a group is ω-bounded iff it is precompact and ω-closed in G˜. For a
categorical treatment of closure operators the reader should consult [41].
An easy way to get non-compact ω-bounded groups is by taking Σ-products of
uncountably many nontrivial compact groups. The class of ω-bounded groups is closed
under taking ω-closed subgroups, quotients and products (the third property is easy to
check, it also follows from [117, Theorems 4.7 and 4.9]). Hence every groups admits an
ω-bounded hull, ωG and a continuous homomorphism G→ ωG that is a restriction of
the Bohr compactification bG :G→ bG of G. Actually, ωG is the least ω-closed subset
(that must be a subgroup) of bG that contains bG(G). Call a group G ω-complete if it is
ω-closed in every group, or equivalently,G= ωG. So a group is ω-bounded if and only if
it is precompact and ω-complete.
As far as countably compact groups are concerned another closure operator seems to be
relevant, namely the sequential closure. We say that a groupG is sequentially complete ifG
is sequentially closed in any other Hausdorff group (i.e., all Cauchy sequences converge).
Clearly a group G is sequentially complete if and only if it is sequentially closed in its
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completion. Therefore, sequential completeness is preserved under taking arbitrary direct
products and sequentially closed subgroups. Hence, as above, every group G admits a
sequentially complete hull (namely, the subgroup of G˜ obtained from G by iterating
sequential closure of G in G˜). While ω-complete precompact groups are ω-bounded, the
sequentially complete precompact groups are not even pseudocompact (see Lemma 2.2
below).
As the Lemma 2.2 below shows, sequential completeness is not preserved under taking
continuous homomorphic images. Call a group G such that all continuous homomorphic
images of G are sequentially complete, h-sequentially complete. Countably compact
groups are obviously h-sequentially complete. We investigate more closely this relation
in Section 5.2 (we give examples of h-sequentially complete groups that are not countably
compact (Example 5.7), and see that h-sequential completeness is not preserved under
finite products in Example 6.18).
For the reader’s convenience we collect in the following diagram the properties that most
frequently appear in the survey with the implications between them (compare with diagram
(3) in Section 5.2). The only nontrivial one, namely precompact and h-sequentially
complete ⇒ pseudocompact, will be proved in Lemma 2.2(1) where we see that the
assumption of precompactness can be omitted in the case of nilpotent groups. In the sequel
we point out examples showing that all implications are proper with the eventual exception
of one (we have no examples at hand to distinguish precompact h-sequentially complete
groups from countably compact ones, cf. Question 7.1).
As noted van Douwen [48, Example 8.5] there exists a sequentially closed dense
countable subgroup of {0,1}c (as he mentions after Example 8.5 such an example can
be found in ZFC). Obviously, such a group is sequentially complete. This shows that
there exists a countable precompact sequentially complete Abelian group that is not
pseudocompact since infinite pseudocompact groups are uncountable (by Theorem 2.1 or
[49, Proposition 1.3]). Another source of such groups are the countably compact groupsG
that have no converging sequences (see Section 2.4 for such a group under Martin Axiom
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(MA), Example 2.10). The second item of the next lemma proved in [38] provides a large
scale of such examples in ZFC with the following additional property. Call a group G
q-sequentially complete if all quotients of G are sequentially complete, and hereditarily
pseudocompact if every closed subgroup of G is pseudocompact. We are not going to use
frequently these two notions throughout the paper, they are given here in order to enhance
the gap between h-sequential completeness and sequential completeness (even in the case
of precompact groups).
Following van Douwen [51] we denote by G# an Abelian group G equipped with the
maximal precompact group topology.
Lemma 2.2 [38].
(1) Every precompact h-sequentially complete group is pseudocompact. Nilpotent h-
sequentially complete groups are pseudocompact. In particular, Abelian h-sequen-
tially complete groups are hereditarily pseudocompact.
(2) For every infinite Abelian group G the group G# is q-sequentially complete and
non-pseudocompact.
Proof. Let G be a precompact h-sequentially complete group. Then for every closed
normal Gδ-subgroup N of the completion G˜ the quotient G˜/N is metrizable, hence the
image f (G) ofG under the canonical homomorphism f : G˜→ G˜/N is both (sequentially)
closed and dense in G˜/N . Therefore, f (G) = G˜/N . Thus every coset gN in G˜ meets
G, so G is Gδ-dense in G˜. This proves the first part of (1). To prove the second part
we note that by Theorem 5.5 nilpotent h-sequentially complete groups are precompact.
Hence they are also pseudocompact by what we have just proved. Now assume thatG is an
Abelian h-sequentially complete group. Then every closed subgroup ofG is h-sequentially
complete by Proposition 5.4 and consequently pseudocompact. Hence G is hereditarily
pseudocompact.
It was proved by Flor [56] that G is always sequentially closed in its Bohr compactifi-
cation, i.e., G# is sequentially closed in its completion (see also [19]). To finish the proof
note that every subgroup N of G# is closed and G#/N ∼= (G/N)#. By a known result of
Comfort and Saks [17, 2.2] G# is never pseudocompact. This proves (2). 2
“Nilpotent” is essential in Lemma 2.2, for an example of a non-precompact h-se-
quentially complete separable metrizable locally compact group see Example 5.7. This
lemma provides also a large scale of examples of precompact (q-)sequentially complete
groups that are not h-sequentially complete: every infinite Abelian group equipped with its
maximal precompact group topology.
Countable (q-)sequentially complete groups cannot be pseudocompact. We shall see
later that infinite minimal sequentially complete Abelian groups must have cardinality
at least c (Corollary 4.15). We see also that minimal sequentially complete Abelian
groups need not be countably compact (see Section 6). Let us note for the opposite
direction that pseudocompact minimal Abelian groups need not be sequentially complete
by Theorem 6.14 and Example 6.17(d).
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2.2. The Open Mapping Theorem and completeness
The usual companion of the Open Mapping Theorem is completeness. In fact, Banach
proved that every surjective continuous linear map between Banach spaces is open [2]. This
remains true for complete metrizable linear topological spaces (LTS) as well. Pták [92]
introduced the class of B-complete LTS that permitted to find a bridge between the Banach
open mapping theorem and the dual characterization of completeness (more precisely,
the Kreı˘n–Šmulian theorem, for more detail see [94, Chapter IV, Section 8]). Call a
homomorphism f :G→H of topological groups almost open, if for every neighborhood
U of 1 in G the image f (U) is dense in some neighborhood of 1 in H (see Lemma 2.6 for
a motivation of this definition). An LTS L is B-complete if every surjective continuous
almost open linear map from L to any LTS is open (this is an equivalent property of
the defining property [92]). Similarly, Br -complete LTS were defined with the analogous
property with respect to continuous almost open isomorphisms. It turns out that
B-complete⇒ Br -complete⇒ complete.
The following version of the Banach open mapping theorem for topological groups will
suffice for the purposes of our paper.
Theorem 2.3. Every continuous surjective homomorphism between complete groups with
a countable base is open.
See [86] for generalizations of this theorem. The main point of the proof is to note that if
a subset A of such a group contains a second category Baire subset, then A ·A−1 contains
an open neighborhood of 1.
The following theorem (open mapping theorem for locally compact groups) can be
found in Pontryagin [87] or any other book on topological groups (e.g., [66, Theo-
rem 5.29]).
Theorem 2.4. Let f :G → H be a continuous surjective homomorphism of locally
compact groups. If G is σ -compact, then f is open.
These two theorems present instances when a continuous surjective homomorphism
between complete groups (with some additional properties) is open. Another point of
view is to fix a complete groupG and replace “continuous surjective homomorphisms” by
continuous isomorphisms G→H with arbitrary codomain H , i.e., ask when a complete
group G is minimal. Obviously, compact groups have this property. Conversely, it was
proved by Stephenson [99] that locally compact minimal Abelian groups are compact (note
that locally compact groups are complete). Dierolf and Schwanengel [20] showed that this
fails in the non-Abelian case. The general question, whether complete minimal Abelian
groups are compact (or equivalently, whether the minimal Abelian groups are precompact),
posed by Prodanov in 1972, was resolved by him and Stoyanov in 1983 [91]. We are not
going to discuss here complete minimal groups in the non-Abelian case, but the following
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important theorem proved recently by Uspenskij should certainly be mentioned (a group is
topologically simple if it contains no nontrivial closed normal subgroups).
Theorem 2.5 [115, Main Theorem]. Every topological group is a subgroup of a complete
minimal topologically simple group.
The groups in this paper will be mainly non-complete. This is why we begin with a
brief discussion on when openness of homomorphisms is preserved by restriction to dense
subgroups. This is very important since one often has the open mapping property on a
larger group (say the completion of the given group G) and needs to know when the
restriction to the dense subgroup remains open. The following lemma was proved by Sulley
in the Abelian case [106] and by Grant in the general case [63].
Lemma 2.6. Let G be a topological group, let f :G → G1 be an open continuous
surjective homomorphism and let H be a dense subgroup of G. Then the restriction
r :H → f (H) of f to H is almost open. The restriction r is open iff H ∩ kerf is dense in
kerf .
Now we give a criterion for (total) minimality of dense subgroups. Lemma 2.6 makes
natural the following definition: a subgroup H of a topological group G is totally dense
if for every closed normal subgroup N of G the intersection H ∩ N is dense in N . For
the minimality criterion of dense subgroups we need another notion: a subgroup H of a
topological group G is essential if every nontrivial closed normal subgroupN of G meets
H nontrivially.
Theorem 2.7. Let G be a Hausdorff topological group and H be a dense subgroup of G.
Then:
(1) [29,95]H is totally minimal iff G is totally minimal and H is totally dense in G.
(2) H is minimal iff G is minimal and H is essential in G.
The proof immediately follows from Lemma 2.6. (2) was proved independently by
Prodanov [88] and Stephenson [99] for compact group G. Note that if G is a topological
Abelian group, then:
(i) every totally dense subgroup of G must contain the torsion part t (G) of G;
(ii) every essential subgroup of G must contain the subgroups G[p] of G for every
prime p.
Another fact that will be frequently used in the paper is that minimality and total
minimality are preserved under taking closed central subgroups [88], [31, Proposition
7.2.5].
In analogy with B-complete and Br -complete LTS one can define also B-complete and
Br -complete topological groups (obviously, minimal implies Br -complete while totally
minimal impliesB-complete). They were intensively studied in the sixties and the seventies
[5,63,68,106]. For topological groups B-completeness does not imply completeness any
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more. It was shown by Husain [68] that locally compact groups as well as complete
metrizable groups are B-complete. Brown [5] found a common generalization of this
fact by proving that ˇCech complete groups are B-complete. Criteria for B-completeness
and Br -completeness of dense subgroups (in the spirit of Theorem 2.7) were given by
Grant [63] and Sulley [106]. According to Lemma 2.6 all surjective homomorphisms
between precompact groups are almost open. Hence a precompact group is B-complete
(respectivelyBr -complete) if and only if it is totally minimal (respectively minimal). Since
most of the groups that appear in this paper (with the only exception in Section 5.2) are
precompact,Br -completeness and B-completeness will coincide with minimality and total
minimality, respectively.
2.3. Local minimality criterion
It is not easy to verify the conditions given in Theorem 2.7. In order to simplify its
application we are going to consider only the closed subgroups N of G isomorphic to Zp
for some prime p. Let us recall the localization technique invented by Stoyanov [103] (see
also [31, Chapter 4]) that permits this reduction.
Define a topologically p-torsion element x ∈G for a prime p by requiring limxpn = 1.
When G is precompact, this is equivalent to asking h(x) to be p-torsion for every unitary
representation h :G→ U(n). Let tdp(G) be the subgroup generated by all topologically
p-torsion elements of G. When the group G is precompact and nilpotent every element
of tdp(G) is topologically p-torsion. For further properties in the Abelian case, see [31,
Chapter 4], where the definition is slightly different, but equivalent to ours in the case of
precompact groups.
Here we need the following stronger notion of density: a subgroup H of a topological
groupK is sequentially dense if every element of K is the limit of a converging sequence
of elements of H (the reader should note that this is stronger than asking K to be
the smallest sequentially closed subgroup of K containing H ). In a connected compact
Abelian group K the subgroup tdp(K) is dense for every prime p. The proof of this fact,
given in [21] (see also [31, Proposition 4.1.6]), can easily be modified to show that tdp(K)
is actually sequentially dense in K [36]. On the other hand, when the compact Abelian
group K is totally disconnected, every subgroup tdp(K) is closed, but the subgroup
wtd(K) generated by all {tdp(K)}p∈P is sequentially dense in K . The density of wtd(K)
in an arbitrary compact group K was proved by Stoyanov [103, Theorem 1.6]. Here we
need the following stronger form proved in [36] for Abelian groups.
Proposition 2.8. For every compact group K the subgroup wtd(K) is sequentially dense
in K .
One can reduce the proof to the case of a torsion-free compact Abelian group K
by means of the functorial properties of the subgroup wtd(−) [31, Chapter 4]. Now
K ∼= c(K)×K/c(K), so that by the fact that the proposition holds for totally disconnected
groups and for connected groups, as mentioned above, we conclude that wtd(K) =
wtd(c(K)×wtd(K/c(K)) is sequentially dense in K .
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Stoyanov (see also [31, Theorem 4.1.7]) proved that for every compact Abelian groupG
the subgroup wtd(G) is totally dense. This obviously follows from Proposition 2.8 and the
equality wtd(H)=H ∩wtd(G) for every closed subgroup H of G [103, Proposition 1.3].
The proof of the following local minimality criterion [31] leans on the total density of
the subgroup wtd(G) of a compact group G (according to Lemma 2.8) and the fact that
essentiality is a transitive property. Of course, this holds true for total density too, but as we
shall see in Theorem 3.2 the countably compact totally minimal Abelian groups are always
compact, so that the counterpart of the next lemma becomes vacuous in that case.
Fact 2.9. A countably compact Abelian group G is minimal iff:
(a) (∀p ∈ P)G⊇ G˜[p] = {x ∈ G˜: px = 0} and
(b) (∀p ∈ P)(∀ closed N ⊆ G˜) N ∼= Zp⇒N ∩G is open in N .
For an arbitrary topological Abelian group G (b) must be replaced by:
(b∗) (∀p ∈ P)(∀ closed N ⊆ G˜) N ∼= Zp⇒N ∩G 6= 0.
One can see (b) asG being “locally” (in algebraic sense) open. Since the open subgroups
of N are of the form pnN for some n ∈ N, this means that (b) yields N ∩G= pnNN for
some nN ∈N. We shall say that G is strongly p-dense if the sequence {nN : N 6 G˜, N ∼=
Zp} is bounded. In other words, if there exists k ∈N such that pk tdp(G˜)⊆G.
2.4. Groups with no converging sequences
A countably compact group need not contain infinite compact (hence ω-bounded)
subgroups even in the Abelian case. The main “responsible” for this turns out to be the
lack of nontrivial convergent sequences. In fact, every infinite compact group contains
nontrivial convergent sequences (being a dyadic space by Kuz’minov’s Theorem [72]).
This is why countably compact groups with no converging sequences are not easy to come
by as we see from the next example.
Example 2.10.
(a) Assuming MA van Douwen [49, Example 8.1] constructed a dense separable
countably compact subgroup of {0,1}c without nontrivial convergent sequences. It
is still an open question whether such a group exists in ZFC.
(b) Hajnal and Juhász [64] construct under CH an example with the same property (their
countably compact subgroup S of {0,1}c is hereditarily finally dense, i.e., for every
countable T ⊆ S there is an α < c such that the set {t|c−α : t ∈ T } of restrictions is
dense in {0,1}c−α ; this implies that S is hereditarily separable [64, Theorem 2]).
(c) If one replaces “countably compact” by “sequentially complete” then a similar
example is easy to get in ZFC. Indeed, take the group G = ⊕ω Z(2). Then
by Lemma 2.2(2) the group G# is sequentially complete. Moreover, G# has no
converging sequences since for every Abelian groupG the groupG# has no infinite
compact sets by a theorem of Glicksberg [62] (for the particular case regarding
only converging sequences see also [73] and [31, Lemma 3.4.1]). Note now that
for G=⊕ω Z(2) the completion of G# is isomorphic to {0,1}c.
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Note that every countably compact group G without nontrivial convergent sequences
provides many examples of precompact sequentially complete groups. Indeed, every
subgroup of G is sequentially complete (in particular, the countable ones are not
pseudocompact).
It is easy to see that every infinite Abelian group G admits a precompact group
topology that has no converging sequences—just take the maximal precompact group
topology of G (cf. item (c) in the above example). Hence for every cardinal α there
exists an Abelian precompact group of cardinality α and weight 2α without converging
sequences. By Lemma 2.2(2) these topologies are never pseudocompact. Answering a
question of Arhangel’skiı˘, Sirota [98] gave an example of an infinite pseudocompact
group with no convergent sequences. His example (a dense subgroup of {0,1}c) works
for any cardinal α such that αω = α. He asked whether there exists a pseudocompact
group with no convergent sequences of weight α < αω . Malykhin and Shapiro [74] proved
the following: Assume GCH and suppose αω > α (or, more generally, take any strong
limit ordinal α of countable cofinality). Then every precompact group of weight α has
a convergent sequence. They also showed that in any possible cardinal arithmetic there
exists a pseudocompact group with no convergent sequences of weight ℵ1. Their example
is a dense subgroup of {0,1}ℵ1 .
The groups considered above are not minimal (Fact 2.9). Let us see now how minimality
changes substantially the behavior in this respect: minimal groups without converging
sequences are not easy to come by.
Theorem 2.11. Infinite minimal Abelian groups always have a convergent sequence.
Proof. Let G be a minimal Abelian group and let K be its completion. If for some p the
groupK has a copy ofZp thenG has a convergent sequence by Fact 2.9. OtherwiseK is an
exotic torus, i.e., there exists a short exact sequence 0→∏p Bp→K→ Tn→ 0, where
n ∈ N and Bp is a compact p-group for every prime p. If all groups Bp are metrizable,
then K , as well as G, are metrizable, so have convergent sequences. If one of the groups
Bp is not metrizable, then the socle of Bp is an infinite compact group contained in G by
Fact 2.9. Therefore,G contains converging sequences. 2
This argument can be extended to the case of connected minimal precompact groups.
From the typically non-precompact minimal groups the infinite symmetric groups
always admit convergent sequences. Nevertheless, one can find minimal groups without
convergent sequences among the discrete minimal groups. Their existence was proved by
Shelah [97] and Olshanskij [82]. We do not know if adding countable compactness may
help in the general case of minimal groups (see Question 7.2).
2.5. Approximation by ω-bounded subgroups
The aim of the present section is to discuss the presence of reasonably big ω-bounded
subgroups in countably compact minimal groups. Because of their importance in the study
of pseudocompact groups,Gδ-subgroups offer a good criterion for “largeness”.
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Definition 2.12. A subgroupH of a groupG is almost dense if the closure of H in G˜ is a
Gδ-subgroup of G˜.
Note that an almost dense subgroup of G is surely dense in some closed Gδ-subgroup
of G, but the latter property is weaker (Shakhmatov [96] gave an example of a minimal
group G such that {1} is a Gδ-subgroup of G, while G˜ may have arbitrarily large
pseudocharacter).
Let us see first that a countably compact group need not contain nontrivial compact
(hence ω-bounded) subgroups even in the Abelian case.
Example 2.13. Under the assumption of CH Tkacˇenko [107] found countably compact
hereditarily separable group topologies on the free Abelian group F of rank 2ω. Clearly, F
cannot admit nontrivial compact subgroups, since no free Abelian group admits compact
group topologies.
Let us recall that later Tomita [109] found countably compact group topologies on F
under the weaker set theoretic assumption MA(σ -centered) that states: for every family
{Dξ : ξ < κ} of dense subsets of an arbitrary σ -centered partial order P (κ < c), there exists
a filterG such that G∩Dξ 6= ∅ for all ξ < κ (P is σ -centered if P =⋃n∈NPn is such that
every non-empty finite subset of Pn is bounded from above in Pn for every n ∈N). In both
cases the groups have no converging sequences. Moreover, Tomita proves (in ZFC) that the
free Abelian groups do not admit sequentially compact group topologies (more precisely,
for no group topology of F the power Fω is countably compact [109, Theorem 2.6]).
One does not need any additional set-theoretic assumption for the larger class of
sequentially complete group topologies, even in case they are minimal.
Example 2.14. The free Abelian groups do not admit sequentially complete minimal
group topologies. Indeed, if G is a torsion-free Abelian group, then its completion with
respect to a minimal group topology is again torsion-free (and compact), hence
G˜= c(G˜)×
∏
p
Zαpp .
Now by (b) of Fact 2.9 G contains subgroups isomorphic to Zp for every p. The latter
group is not free [57], so G cannot be free.
It should be noted that the free Abelian groups often admit pseudocompact minimal
group topologies (see [26, Theorem 4.11] for a complete description of this phenomenon).
The fact that free Abelian groups admit no compact group topologies is the main
“responsible” for the lack of ω-bounded subgroups. Note that in the examples given in the
previous sections there are a plenty of finite ω-bounded subgroups—actually, the countably
compact groups in question are covered by ω-bounded subgroups.
Under some circumstances the group may posses a single large ω-bounded subgroup:
Theorem 2.15. Every totally minimal connected countably compact group G contains a
dense totally minimal connected ω-bounded subgroup.
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Here is an idea how to prove this theorem. The center Z(G) of such a group is totally
minimal and countably compact, hence by Theorem 3.2 Z(G) is compact. Therefore, one
can argue on the quotient G1 =G/Z(G) since taking inverse images under the canonical
homomorphismG→G/Z(G) preserves denseω-bounded subgroups. The completion G˜1
is a compact connected center-free group since Z(G) coincides with Z(G˜), hence G˜1 is
a direct product of compact connected Lie groups {Li}i∈I . Now countable compactness
of G1 and its total density in G˜1 yield Li ⊆G1 for every i ∈ I . Therefore the countably
compact group G1 contains the direct sum of the groups Li , hence G1 contains also their
Σ-product that is obviously ω-bounded.
In the case of minimality one cannot ensure density of ω-bounded subgroups as in
Theorem 2.15 even in the Abelian case (see Example 2.17). The proof of the following
theorem is carried out in the torsion-free case (then G˜ = Kα , with α = w(G), and there
exists a finite F ⊆ α such that G contains the ω-bounded subgroup Gω = Σ(Kα\F )). In
the general case the group is a quotient of a torsion-free one (see Proposition 4.4).
Theorem 2.16 [27]. Every minimal connected countably compact Abelian group G
contains an almost dense connected ω-bounded minimal subgroupGω .
Let us note that the subgroupGω is compact if and only if the groupG is compact. The
subgroupGω need not be dense.
In Example 2.17 below we show that “connected” is essential in Theorem 2.16 (there
exists a countably compact totally disconnected minimal Abelian groupG without almost
dense ω-bounded subgroups).
Example 2.17. (MA or CH) The ω-bounded subgroups of a countably compact totally
disconnected minimal Abelian group need not be almost dense. Indeed, let S be the
subgroup of {0,1}c without converging sequences defined in Example 2.10. Consider S as a
subgroup of the groupZ(2)c and let f :Z(4)c→ Z(2)c be the quotient homomorphism. By
Fact 2.9 the subgroup G= f−1(S) of Z(4)c is countably compact and minimal (contains
G˜[2]). On the other hand, ifK is an ω-bounded subgroup ofG then f (K) is an ω-bounded
subgroup of S, hence f (K) is finite. Thus the ω-bounded subgroups ofG are finite modulo
the compact subgroup kerf of G.
3. Total minimality
In this section we shall impose on our groups the strongest form of the open mapping
theorem, namely—total minimality (Theorem 2.7 will be frequently used).
3.1. Countably compact totally minimal groups
Comfort and Grant [10] showed that a ω-bounded totally minimal group need not be
compact:
94 D. Dikranjan / Topology and its Applications 98 (1999) 81–129
Example 3.1. Let F be a finite simple non-Abelian group. Then for any uncountable α
the group
∑
(Fα) is ω-bounded totally minimal, zero-dimensional and non-compact.
The example fully exploited the strong non-Abelian features of the group in question,
so this suggested the question: are totally minimal (totally disconnected) countably
compact, Abelian groups compact? Comfort and Soundararajan [18] answered this
question affirmatively for zero-dimensional groups. Let us recall here that according to [24]
totally disconnected countably compact groups are also zero-dimensional. A positive
answer in the general case of totally minimal countably compact, Abelian groups was
obtained in [34] (see also Theorem 3.4). It leads to the following theorem for the larger
class of nilpotent groups.
Theorem 3.2. Totally minimal, h-sequentially complete, nilpotent (in particular, count-
ably compact, Abelian) groups are compact.
Here is an idea of how to prove this theorem. The completion of such a group is
compact [26], so we must prove that a compact nilpotent group does not admit proper
totally dense countably compact subgroups (according to Theorem 2.7). In other words,
Theorem 3.2 can be given also in the following form: no compact Abelian (actually,
nilpotent) group admits a proper dense totally minimal countably compact (actually,
sequentially complete) subgroup.
Let us mention here that compact non-metrizable Abelian groups have proper dense
ω-bounded subgroups (Comfort and Robertson [15, Discussion 3.6 and 4.10(c)]).
Later this result was extended to compact connected groups by Itzkowitz and Shakmatov
[69]. In [70] the same authors proved that every compact group of cardinality > c admits
a proper dense countably compact subgroup (so that under the assumption c < 2ω1 every
compact non-metrizable group admits a proper dense countably compact subgroup). Total
density turns out to be an essential additional restraint that makes the situation change
completely.
The key to the proof of the theorem in the Abelian case is the following lemma that
ensures compactness of a totally minimal, sequentially complete, Abelian group (see
Theorem 3.4).
Lemma 3.3. In a compact Abelian group every totally dense sequentially complete
subgroup is also sequentially dense.
The proof of this lemma exploits the fact that wtd(G˜)⊆G for such a group G. Indeed,
if N ∼= Zp is a closed subgroup of G˜, thenG∩N is dense and simultaneously sequentially
closed in N , hence N ⊆ G. It remains to note that wtd(G˜) is sequentially dense in G˜ by
Proposition 2.8. The lemma immediately gives the following theorem from [36] showing
that “countably compact” can be weakened to “sequentially complete” in the Abelian case.
Theorem 3.4. Totally minimal, sequentially complete (in particular, countably compact),
Abelian groups are compact.
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To finish the proof of Theorem 3.2 notice now that for the last step from “Abelian” to
“nilpotent” one carries out a simple induction argument on the nilpotency class.
In the sequel we see that the hypotheses of Theorem 3.2 cannot be weakened. Indeed,
“nilpotent” cannot be removed from Theorem 3.2 in view of Example 3.1 and the following
theorem.
Theorem 3.5 [34]. For a compact connected group G the following conditions are
equivalent:
(i) G contains a proper, dense, totally minimal, countably compact subgroup,
(ii) G contains a proper, dense, totally minimal, ω-bounded subgroup,
(iii) the center Z of G is not a Gδ-subgroup of G.
Another tentative to “keep close to Abelian” can be to ask for the center to be big.
Note that for a countably compact totally minimal groupG the center Z(G) is compact by
Theorem 3.4 and G/Z(G) is again countably compact and totally minimal. Hence we get
Corollary 3.6. Totally minimal, countably compact groups having a Gδ-center are
compact.
On the other hand, one cannot replace “totally minimal” by “minimal” in Theorems 3.2
and 3.4 even for ω-bounded groups:
Example 3.7 [35]. There exists a non-compact zero-dimensional ω-bounded minimal
Abelian group (this is, e.g., the subgroup pZω1p +∑(Zω1p ) of Zω1p ).
Every zero-dimensional countably compact group is reduced (as the group in the
above example). On the other hand, divisible minimal countably compact Abelian
groups are compact by Theorem 3.2 since minimal divisible Abelian groups are always
totally minimal according to [21] (see also [31, Corollary 4.3.8]). Note that divisible
countably compact Abelian groups are connected, since their completion is divisible, hence
connected. Along with Example 3.7 this fact suggests the following question:
Question 3.8. Is a connected minimal countably compact (ω-bounded) Abelian group
necessarily compact?
It turns out that this question cannot be answered in ZFC, this will be discussed in
Section 4. Here we note only that “Abelian” is obviously necessary: in view of Theorem 3.5
the group G = ∑(SO3(R)ω1) is ω-bounded, connected and totally minimal, but not
compact.
3.2. Pseudocompact totally minimal groups
We see here that the situation changes essentially when “countably compact” is replaced
by “pseudocompact”. We show that there is a plenty of non-compact pseudocompact
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totally minimal Abelian groups. The unique restraint “from inside” for a non-compact
pseudocompact totally minimal Abelian groups is: such a group cannot have a bounded
torsion closed Gδ-subgroup N . As in Section 3.1 we adopt the “external” point of view,
namely we investigate when a compact Abelian group admits a proper totally dense
pseudocompact subgroup.
3.2.1. Small totally dense pseudocompact subgroups
Let us start with an old result of Wilcox showing how dense pseudocompact subgroups
of smaller cardinality (briefly, small subgroup) of compact Abelian groups may behave. He
proved [119, Theorem 2.2] that ifG is a compact Abelian group of weight σ and σω < 2σ ,
then for every dense pseudocompact subgroup H of G with |H | 6 σω there exists an
infinite closed subgroup C of G such that C ∩ H = 0 (hence H is not even minimal).
Since |G| = 2σ , this entails that under GCH such a group cannot have a small dense
minimal pseudocompact subgroup. A later result of van Douwen helps here to exclude
also the groups G with σω = 2σ . Indeed, in such a case GCH entails that σ is a strong
limit cardinal with cf (σ ) = ω, so that σ cannot be the cardinality of a pseudocompact
group [49, Corollary 1.2]—a contradiction (note that a dense subgroupH of G must have
the same weight).
A description of the cardinalities of minimal Abelian groups was given by Stoyanov in
[104]. He proved that ifG is a minimal Abelian group of weight α then there exist cardinals
αn (n ∈N), such that α = supαn and sup 2αn 6 |G|6 2α . In particular, |G|< |G˜| yields
cf (α)= ω and sup 2αn = 2<α < 2α (1)
(see also [14, Theorem 5.8] for totally minimal groups). Hence a compact Abelian group
K admits a small totally dense subgroup only if cf (w(K))= ω and 2<w(K) < 2w(K).
Comfort and Robertson [14] studied for the first time when a compact Abelian group
G admits a small (hence, proper) totally dense pseudocompact subgroup. It turns out that
this question depends only on the cardinality α =w(G). Actually, the smallest cardinality
m(α) of a dense pseudocompact subgroup of G depends, again, only on the cardinal α,
not the group G. More precisely, m(α) coincides with the density of the P -modification
of the space {0,1}α and one can prove that 3 logα 6 m(α) 6 (logα)ω and cf (m(α)) >
ω. The cardinal function m(α) in the latter form was introduced by Cater, Erdös and
Galvin [6]. They gave a proof of this and further properties of the function m(α). It was
observed in [14] that one can separate the problem whether there exist small totally dense
pseudocompact subgroups in two analogous problems about small totally dense subgroups
and small pseudocompact subgroups. Hence, in conjunction with (1) one can conclude that
a compact Abelian group G with w(G) = α admits a small totally dense pseudocompact
subgroup if and only if (1) and m(α) < 2α hold. Then GCH implies that such an α does
not exist (cf. [14, Theorem 6.1], in fact cf (α) = ω yields α = logα so that cf (m(α)) > ω
3 Here and in the sequel logα denotes the minimal cardinality β such that 2β > α.
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forces m(α) = 2α). On the other hand, in an appropriate Easton model of ZFC one can
have α (e.g., ωω) with the desired properties [14, Theorem 6.2]. In other words
Theorem 3.9 [14, Theorem 6.3]. ZFC cannot decide whether there exists compact
(Abelian) groups with small totally dense pseudocompact subgroups.
3.2.2. Groups with large quasi component
Comfort and Soundararajan [18] found connected totally minimal pseudocompact non-
compact Abelian groups (see Example 3.17). Extending their result, Shakhmatov and
the author proved that every compact Abelian group G with non-metrizable connected
component of zero contains a proper dense totally minimal pseudocompact subgroup [34,
Theorem 1.9]. More precisely, let us give the following definition for the sake of brevity.
Definition 3.10. A compact Abelian group G has property TDω if there exists a proper,
totally dense subgroup H of G that contains an ω-bounded (hence countably compact)
dense subgroup.
Since the subgroup H is pseudocompact, TDω implies that the group has a proper
totally dense pseudocompact subgroup. In these terms, the following theorem was proved
extending the ideas from [18].
Theorem 3.11 [34]. Every compact Abelian group with non-metrizable connected com-
ponent of zero has TDω .
Here is an alternative way to prove it [32]. Call an element x of a topological group G
metrizable if the cyclic subgroup 〈x〉 of G is metrizable (this notion was introduced by
Wilcox [119] for locally compact groups). He proved that the subset M(G) of metrizable
elements of a compact Abelian group G is a dense pseudocompact subgroup. A careful
analysis of his proof shows that M(G) contains a dense ω-bounded subgroup. Moreover
he showed that M(G) 6= G if and only if c(G) is not metrizable. Since obviously
wtd(G) ⊆ M(G), we conclude that the subgroup M(G) is necessarily totally dense.
By Proposition 2.8 we conclude that also M(G) is sequentially dense in G. Therefore,
M(G) is sequentially complete if and only if it is compact (this follows also from
Theorem 3.4).
Let us note that the quasi component q(H) of the pseudocompact totally minimal
Abelian groups H given above are always non-metrizable (in fact, the quasi component
q(H) coincides with c(G)∩H according to [23, Lemma 1.4]). In case c(G) is metrizable
(this entails q(H) metrizable), one can consider the totally disconnected quotient G1 =
G/c(G) that is again non-metrizable provided G is non-metrizable. Now every proper
totally dense pseudocompact subgroupH ofG1 defines (via inverse image) a proper totally
dense pseudocompact subgroup of G.
Lemma 3.12. Let G be a compact Abelian group that admits a continuous surjective
homomorphism on a compact Abelian group that satisfies TDω , then G satisfies TDω too.
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For the proof of the lemma it suffices to note that taking inverse images under continuous
surjective homomorphisms preserves all of the following four properties:
(i) being proper subgroup,
(ii) being dense subgroup,
(iii) being totally dense subgroup,
(iv) being ω-bounded (respectively, countably compact) subgroup.
Let us see that the above lemma gives another proof of Theorem 3.11. Indeed, if
a compact Abelian group G has non-metrizable connected component of zero then a
standard application of Pontryagin duality shows that G admits a surjective continuous
homomorphism onto Tω1 . Since Tω1 satisfies TDω (cf. Example 3.17) the lemma applies.
Since compact Abelian groupsGwith non-metrizable c(G) are settled by Theorem 3.11,
along with comments we gave above about the case of metrizable connected component
of zero we see that the main difficulty is confined in the totally disconnected case. Hence,
from now on we can consider mainly totally disconnected groups G.
3.2.3. Totally disconnected case
The following necessary condition will be shown to be the unique constraint for the
existence of proper, totally dense, pseudocompact subgroups of compact Abelian groups
(Theorem 3.18).
Theorem 3.13 [34]. Let G be a topological group which has a torsion, closed, normal
Gδ-subgroup N . Then G contains no proper, totally dense, pseudocompact subgroups.
In order to find a more “algebraic” form of this condition in the Abelian case, we note
that for a compact Abelian groupG the family F(G) of all closedGδ subgroups is a filter-
base with the countable intersection property. Moreover, a closed subgroup N of G is Gδ
if and only if G/N is metrizable. If N ∈ F(G) is torsion then by the compactness of N
there exists n ∈ N such that nN = 0. Therefore N is contained in the subgroup G[n] of
G. ConsequentlyG[n] is Gδ too. Therefore the necessary condition from Theorem 3.13 is
equivalent in the Abelian case to
G[n] ∈F(G) for no n ∈N. (2)
It turns out that the condition (2) described above is the unique constraint for the existence
of proper, totally dense, pseudocompact subgroups of compact Abelian groups. This was
proved first under the additional set-theoretic assumptions 2ω1 = c.
Theorem 3.14 [34, Theorem 1.8]. Under the assumption of 2ω1 = c, a compact Abelian
group G contains proper dense totally minimal pseudocompact subgroups iff G does not
have torsion closed Gδ-subgroups.
The pseudocompact subgroup here may be chosen to meet in 0 any given in advance
torsion-free subgroup of G of cardinality < c [23, Lemma 0.3]. We see below that one can
construct totally dense, pseudocompact subgroups of compact Abelian groups satisfying
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(2) without any additional set-theoretical assumptions. Moreover, under the assumption of
2ω1 > c the totally dense subgroup may be chosen to contain a dense ω-bounded subgroup
(see Theorem 3.18 below).
Let G = ∏p Gp be the primary decomposition of the totally disconnected non-
metrizable compact Abelian group G, where each Gp is a compact Zp-module. Now at
least one of the groups Gp is non-metrizable. The following example shows that it may
happen that none of the single groupsGp satisfies (2) even if the product satisfies (2).
Example 3.15. In fact, let Gp = (Z(p))ω1 . Then G satisfies (2), while Gp does not. Note
that G = Kω1 with K =∏p Z(p). Now the subgroup H = ΣKω1 + t (G) is a proper
totally dense pseudocompact subgroup of G since t (G) =⊕Gp is totally dense in G,
while ΣKω1 is a dense ω-bounded (hence, pseudocompact) subgroup of G.
In this example works the idea from [14] to construct the totally dense pseudocompact
subgroups as sums of two subgroups: one totally dense and the other—dense pseudocom-
pact. The problem in general is to ensure that such a sum is a proper subgroup. The next
lemma offers a completely different solution.
Lemma 3.16. Let G be a compact Abelian group that admits a dense pseudocompact
subgroup B such that r(G/B) > 1. Then G has a proper totally dense pseudocompact
subgroup H that contains B .
This gives immediately the following example that covers Example 3.15.
Example 3.17. Let K be a compact non-torsion Abelian group. Then Kω1 ∈ TDω . In
particular, Tω1 ∈ TDω .
Our final theorem should be compared with Theorem 3.2.
Theorem 3.18. For a compact Abelian group G the following conditions are equivalent:
(a) G has no closed, torsion Gδ-subgroups;
(b) G satisfies (2);
(c) G has a proper, totally dense, pseudocompact subgroup;
(d) G has a totally dense subgroup H that contains an almost dense ω-bounded
subgroupK of G such that K 6⊆H .
The above conditions follow from
(e) G satisfies TDω .
If |G|> c then conditions (a)–(e) are equivalent.
Here is a sketch of the proof. For (d)⇒ (a) note that ifN is a torsion closedGδ-subgroup
of K then N ⊆H . Since K is Gδ-dense in K , we get H +K ⊇N +K =K—contrary to
our assumption.
(b)⇒ (d) Reducing to the case when G is totally disconnected we have G =∏p Gp ,
where Gp is a compact Zp-module. Fix in each Gp a closed subgroup Np ∼= Zαpp such
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that the quotient Gp/Np is isomorphic to a product of cyclic p-groups Lp . If at least one
of the groups Lp is non-metrizable, then we argue in Lp and the proper totally dense
pseudocompact subgroup of Lp can be lifted to the whole product G. In case all groups
Lp are metrizable, the subgroupN =∏p Np is Gδ .
(e)⇒ (d) is obvious.
Now assume thatG is a compact Abelian group satisfying (2) and |G|> c. Then a simple
application of Lemma 3.12 and Example 3.17 proveG ∈ TDω in the following cases:
(i) c(G) is non-metrizable,
(ii) there exist infinitely many primes p such that G/pG is not metrizable;
(iii) there exists a prime p such that G admits a quotient ∏nZ(pn)αn , with infinitely
many αn > ω.
For (iii) note that G admits a surjective continuous homomorphism onto a product that is
again of the same type, but with all αn = ω1, i.e., (∏nZ(pn))ω1 . So Example 3.17 applies
with K =∏nZ(pn) in this case.
If G does not satisfy any of (i)–(iii), then G admits a quotient G1 that has a closed
Gδ-subgroup N isomorphic to Zαp for some prime p and α satisfying 2α > c. Here the
following lemma is needed (the proof is a standard application of Pontryagin duality).
Claim. A compact Abelian group G that has a closed Gδ-subgroup N admits a closed
metrizable subgroupM such that G=M +N .
By the claim there exists a closed metrizable subgroup M of G1 such that N +M =
G1. Now B = ΣZαp is an ω-bounded subgroup of N hence H = B + M is an ω-
bounded subgroup of G1. Moreover, for every Gδ-subgroup N1 of N we obviously have
H + N1 = G1, thus H is also (Gδ-)dense in G1. Moreover, our assumption 2α > c
implies r(N/B) > c, hence we have also r(G1/B) > c. The latter quotient contains a
subgroup L isomorphic to M + H/B ∼=M/(M ∩ B) that has rank 6 c. Therefore, also
G1/H ∼= (G1/B)/L has free-rank > c. Now Lemma 3.16 provides a proper totally dense
subgroup R of G1 that contains H .
Corollary 3.19. Under the assumption 2ω1 > c a compact Abelian group G satisfies TDω
iff (2) holds.
Remark 3.20.
(1) Clearly (d) implies that H is a proper subgroup. The simpler condition “G has a
proper totally dense subgroup that contains an almost dense ω-bounded subgroup of
G” is properly weaker than (2). In fact, the groupG= Z(2)c ×T has this property,
but does not satisfy (2).
(2) Whether the equivalence of (a) and (c) is always available was asked in [34,
Problem 1.11]. Whether (a) implies (e) is [34, Problem 1.12]. Corollary 3.19
answers positively under the assumption 2ω1 > c. This leaves open the question
in ZFC when |G| = c and G is a group of the following type: there exists a prime
number p and a closed Gδ-subgroup N ∼= Zω1p of G such that G/N is a product of
D. Dikranjan / Topology and its Applications 98 (1999) 81–129 101
cyclic p-groups. We conjecture that the result remains true in this case too, i.e., that
it holds in ZFC.
4. Countably compact minimal groups
4.1. Connected sequentially complete minimal Abelian groups
Let us recall that a cardinal α is Ulam-measurable (respectively, measurable) if there
exists an ultrafilter on α which is closed under countable intersections (respectively, under
intersections of < α sets). The assumption that there exist no Ulam-measurable cardinals
is known to be consistent with ZFC, while it is not known if their existence is consistent
with ZFC [71]. Uncountable measurable cardinals are Ulam-measurable, while the least
Ulam-measurable cardinal is also measurable.
Ulam-measurable cardinals appeared recently in the context of comparison between
compactness and countable compactness.
Theorem 4.1 [1]. If (G, τ) is a compact group with a countably compact group topology
finer than τ , then |G| is an Ulam-measurable cardinal.
Its partial inverse was obtained by Comfort and Remus [13]: if m is the least Ulam-
measurable cardinal, then every compact group G of weight α that admits a continuous
surjective homomorphism G→ Km, with a nontrivial compact group K , admits a finer
countably compact group topology.
It was shown by Uspenskij [115] that the assertion of this theorem remains true in
general:
Theorem 4.2. A compact group G has Ulam-measurable weight iff there exists a finer
countably compact group topology on G.
It turns out that Question 3.8 depends on the existence of measurable cardinals, hence
cannot be answered in ZFC.
Theorem 4.3 [27]. Let α > ω be a cardinal. Then the following conditions are equivalent:
(a) α is Ulam-measurable;
(b) there exists a non-compact connected, sequentially complete, minimal Abelian
group G of weight α;
(c) there exists a non-compact connected, ω-bounded, minimal torsion-free Abelian
group G of weight α;
(d) there exists a non-compact connected, minimal torsion-free Abelian group G of
weight α that is β-bounded (hence, initially β-compact) for every non-measurable
β < α.
102 D. Dikranjan / Topology and its Applications 98 (1999) 81–129
Obviously, one more item with countable compactness can be added here. Let us briefly
sketch a proof of this theorem. The implication (b)⇒ (a) is can be proved by means on the
following fact:
Proposition 4.4 [27,42]. Let G be a minimal Abelian group. Then there exists a compact
torsion-free Abelian groupK with w(K)=w(G), a dense minimal subgroupG1 ofK and
a compact subgroup N of G1 such that:
(a) the quotient group G1/N is isomorphic to G;
(b) for every p ∈ P G is strongly p-dense iff G1 is strongly p-dense;
(c) G1 is countably compact (respectively, sequentially complete, ω-bounded, con-
nected, totally disconnected) if G is countably compact (respectively, sequentially
complete, ω-bounded, connected, totally disconnected).
In case G is a minimal quasi p-torsion group for some prime p, then K = Zw(G)p .
This proposition reduces the problem to subgroups G of the power of Kα , i.e., (b)
is equivalent to a weaker version of (c) where ω-bounded is replaced by sequentially
complete. By Theorem 2.7(2) the completion of a minimal torsion-free Abelian group is
torsion-free. Hence the completion of a connected, sequentially complete, minimal torsion-
free Abelian group G of weight α is necessarily isomorphic to Kα . The existence of a
proper dense sequentially complete minimal subgroup G of Kα implies that α is Ulam-
measurable, i.e., the weak version of (c) implies (a). For the implication (a) ⇒ (d) one
constructs for any Ulam-measurable α a proper dense minimal subgroup G of Kα that is
β-bounded (hence, initially β-compact) for every non-measurable β < α.
Corollary 4.5. The following are equivalent:
(a) There exists a non-compact connected, sequentially complete, minimal Abelian
group G.
(b) There exist Ulam-measurable cardinals and for the least Ulam-measurable cardinal
α there exists a connected non-compact minimal torsion-free Abelian group G of
weight α that is β-bounded for every β < α.
(c) There exist measurable cardinals and for every measurable cardinal α there exists
a connected non-compact minimal torsion-free Abelian group G of weight α that is
β-bounded for every β < α.
It should be noted here that (b) and (c) give a property very close to compactness, since
a space X that is initially w(X)-compact (in particular, w(X)-bounded) must be compact.
Coming back to Theorem 4.3 we get the following corollary, giving a positive answer to
Question 3.8 for groups that are not too big (i.e., of Ulam-measurable cardinality).
Theorem 4.6 [27]. Let G be a connected, sequentially complete, minimal Abelian group
G. If |G| is not Ulam-measurable then G is compact.
D. Dikranjan / Topology and its Applications 98 (1999) 81–129 103
The following stronger form is proved in [36]: if G is a sequentially complete, minimal
Abelian group then c(G) contains c(G˜) (and so is compact) whenever |c(G)| is not Ulam-
measurable.
“Abelian” cannot be removed in Theorem 4.6 even in the case of ω-bounded groups in
view of the following counter-example given in [27, Example 2.6(ii)]:
Example 4.7. The center of a ω-bounded, connected, minimal group need not be compact.
In fact, let K be the special unitary group SU(4). Then the center F of K is a cyclic group
of order 4. Let S be the unique subgroup of F of order 2. Fix an uncountable cardinal α
and set G= Sα ·Σ(Kα). Then G is ω-bounded and G˜=Kα . Hence G is also connected
and minimal. On the other hand, Z(G) = G ∩ Z(G˜) = Sα · Σ(Fα), so that Z(G) is not
compact.
Two more problems arise in the non-Abelian case (the relevant examples can be found
in [27]):
(a) the connected component of an ω-bounded (metabelian) minimal group need not be
minimal;
(b) the quotientG/Z(G) need not be minimal (as Z(G)=Z(G˜)∩G need not be dense
in Z(G˜)).
Still one can prove the following:
Theorem 4.8 [27, Theorem 2.9]. Let G be a connected, minimal, countably compact
group. If |G| is not Ulam-measurable then G∩ c(Z(G˜)) is compact.
It should be noted that G need not contain c(Z(G˜)), i.e., the subgroup G ∩ c(Z(G˜))
of c(Z(G˜)) may be a proper subgroup. This may occur when c(Z(G˜)) has proper closed
essential subgroups [27].
4.2. The structure of countably compact minimal Abelian groups
Most of the structure results here are valid for sequentially complete minimal groups
(Abelian or nilpotent).
Item (b) of the next theorem follows from Theorem 4.6, item (c)—from [53, Theorem 6].
Finally, for the proof of item (a) note that by Lemma 2.2 the group G is hereditarily
pseudocompact. HenceG/c(G) is zero-dimensional according to [24, Corollary 1.3]. Now
the minimality of G implies that G/c(G) is minimal too [24, Theorem 1.7].
Theorem 4.9 [27]. Let G be a sequentially complete Abelian group.
(a) If G is minimal, then G/c(G) is minimal.
(b) If G is minimal and |c(G)| is not Ulam-measurable, then c(G) is compact.
(c) If c(G) is compact and G/c(G) is minimal, then G is minimal.
It is easy to construct non-compact countably compact monothetic (connected) groups.
It follows from the structure results that every monothetic h-sequentially complete minimal
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group is compact. In fact, this follows from Theorem 4.9 since the connected component
of such a group is a compact Gδ-subgroup. In particular, this shows that every countably
compact minimal Abelian group is covered by compact subgroups (this was shown for the
subgroups tdp(G) of such a groupG in [35]).
This argument immediately gives:
Corollary 4.10 [27]. Let G be a sequentially complete minimal group. Then the center of
G is covered by compact subgroups.
In the case of small connected component (i.e., of non-Ulam-measurable cardinality) we
get:
Corollary 4.11. A sequentially complete Abelian group G with non Ulam-measurable
|c(G)| is minimal iff c(G) is compact and G/c(G) is minimal.
This corollary reduces the study of countably compact minimal Abelian groups with
small connected component to that of totally disconnected groups.
Theorem 4.12. Let G be a sequentially complete totally disconnected nilpotent group.
Then for every p ∈ P the subgroup tdp(G) is closed and G=∏p∈P tdp(G) topologically.
Moreover, G is minimal iff each tdp(G) is minimal.
The proof is analogous to the proof given in [27] in the case of countably compact
groups. It is possible to reduce all to subgroups of powers of Zp by means of Propo-
sition 4.4.
The next theorem will play a crucial role in this section and in Section 6.4. It was proved
in [42] in the case of ω-bounded groups by means of a functorial correspondence, based
on Pontryagin duality, between topological and linearly topologized groups introduced
in [113] and [114]. This duality technique essentially used the assumption of ω-
boundedness. It goes through a reduction to the case of subgroups of powers of p-adic
integers via Theorem 4.12 and Proposition 4.4. In that case, with a cardinal number α, one
has to prove that for every dense ω-bounded minimal subgroupG of Zαp there exists k ∈N
such that pkZαp ⊆G. Recently the theorem was extended to the sequentially complete case
in [45]. The proof in the sequentially complete case is completely different, it has purely
topological nature.
Theorem 4.13 [45]. Let G be a sequentially complete minimal totally disconnected
Abelian group. Then G is strongly p-dense for every prime p.
These theorems easily yield, by means of Proposition 4.4:
Corollary 4.14. Let G be a sequentially complete totally disconnected Abelian group.
Then G is minimal iff there exists a compact subgroup N of G such that G/N ∼=∏p Gp ,
where Gp is a p-torsion minimal group for every prime p.
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Indeed, assume G is minimal. Then by Theorem 4.13 for every prime p there exists
kp ∈N such that Np = pkp tdp(G˜)⊆G. Then the compact subgroupN =∏p pNp works
with Gp = tdp(G)/pNp (according to Fact 2.9 this p-torsion group is minimal since it
contains G˜p[p]). In the opposite direction the minimality of all groups Gp yields the
minimality of the productG/N ∼=∏p Gp [31, Corollary 6.2.8], so that by the three-space-
property [53, Corollary 7] G is minimal.
The above corollary resolves the structure problem. Let us note that here precompactness
was ensured by the precompactness theorem of Prodanov–Stoyanov for minimal Abelian
groups. Nevertheless, one could try to extend this theorem to the case of a h-sequentially
complete nilpotent minimal group G. In this case the precompactness of G will be
established in Theorem 5.5. One can apply again Theorem 4.12 to prove that G =∏
p tdp(G), but it is not clear how to treat the local case G= tdp(G).
Corollary 4.15. Let G be an infinite sequentially complete minimal Abelian group. Then
|G| = 2w(G) in each of the following cases:
• G is connected;
• G is totally disconnected;
• G is h-sequentially complete.
In particular, every infinite sequentially complete minimal Abelian group has cardinality
> c.
Consider first the case when G is totally disconnected. By Theorem 4.12 we can easily
reduce it to the case whenG is quasi-p-torsion for some prime p. Then there exists k such
that pkG˜⊆G by Theorem 4.13. Consider the compact subgroup
H = {x ∈ G˜: px = 0}
of G˜. By Fact 2.9H ⊆G. Note that the kernel of the homomorphism f : G˜→ G˜ defined by
f (x)= pkx has the same cardinality as H . Hence 2w(G) = |G˜| =max{|pkG˜|, |H |}6 |G|,
as f (G˜) = pkG˜ is a subgroup of G. When G is connected, then standard arguments on
cardinalities of minimal Abelian groups apply in case G is not metrizable (otherwise G is
compact so |G| = 2ω is trivially true). When G is h-sequentially complete, one can reduce
it to one of the previous cases since by Theorem 4.9 both c(G) and G/c(G) are minimal.
The conclusion of this corollary strongly depends on the hypothesis “Abelian”. In
fact, there exists a countably infinite discrete (hence, q-sequentially complete) minimal
group [82].
4.3. Generators of countably compact groups
It was observed by Douady [47] (see also [58, Proposition 15.11]) that every infinite
Galois group (i.e., compact totally disconnected topological group) has a system S
of generators that converges to 1. This fact motivated Hofmann and Morris [67] to
introduce the notion of a suitable set of a topological group G, this is a discrete subset
S of G that generates a dense subgroup of G and S ∪ {1} is closed in G. These
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authors extended substantially Douady’s theorem by proving that every locally compact
group has a suitable set. Later Comfort, Morris, Robbie, Svetlichny and Tkacˇenko [12]
proved that metrizable topological groups have suitable sets too. Recently Okunev and
Tkacˇenko [83] found a nice unifying generalization of both facts. It is based on the notion
of an almost metrizable topological group introduced by Pasynkov [85]—a topological
group G is said to be almost metrizable if it contains a non-empty compact set K of
countable character in G. Clearly, all locally compact and all metrizable topological
groups are almost metrizable [85]. It was proved in [83] that every almost metrizable
group has a suitable set. Note that this generalization is not in the line of countable
compactness considered in this paper. In fact, as shown in [85], an almost metrizable
topological group G has a compact subgroup N such that the quotient space G/N
is metrizable. Since every pseudocompact metrizable space is compact, we conclude
that every pseudocompact (in particular, countably compact) almost metrizable group is
compact. More detail on suitable sets can be found in the paper [39] in this volume (see
also [7,40,111]).
Here we shall discuss suitable sets in countably compact groups. It turns out that their
existence often entails the existence of a nontrivial convergent sequence. More precisely:
Proposition 4.16 [40, Proposition 2.2]. Let G be a countably compact group. Then:
(a) G has a suitable set iff either G has a finitely generated dense subgroup or there
exists a discrete subset S in G such that 〈S〉 =G and S ∪ {1} is compact.
(b) G has a closed suitable set iff G has a finitely generated dense subgroup. In such a
case G/c(G) is compact metrizable.
Item (a) implies that a countably compact group G which is not topologically finitely
generated may have a suitable set only if G contains nontrivial convergent sequences. In
particular, an infinite countably compact torsion Abelian groupGwith suitable set contains
nontrivial convergent sequences [40, Proposition 2.9]. In view of Example 2.10 one
immediately concludes that countable compactness alone cannot guarantee the existence
of a suitable set. This example (requiring MA) was given for the first time in [12]. Various
ZFC examples of ω-bounded groupsH with no suitable set were given in [39]:
Example 4.17.
(1) [39, Theorem 2.8] For every infinite cardinal α there exists a connected, locally
connected α-bounded (hence initially α-compact) Abelian topological groupG that
does not have a suitable set.
(2) [39, Corollary 2.9] There exists a non-separable, connected and locally connected
Abelian group H with |H | = c such that Hω is countably compact and does not
have a suitable set.
(3) [39, Theorem 2.11] There exists an ω-bounded dense subgroupG of {0,1}c without
a suitable set.
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The following useful property of countably compact groups is frequently used.
Proposition 4.18 [39, Proposition 2.7]. Let f :G→ H be a continuous homomorphism.
If the group G is countably compact, then the existence of a suitable set of G yields the
existence of a suitable set of H in the following two cases:
(a) f is surjective;
(b) f is a dense embedding.
The above examples show that countable compactness may fail to guarantee the
existence of a suitable set. Our aim will be to see what minimality can do again to change
the situation.
Theorem 4.19. LetG be a totally minimal group. TheG has a suitable set in the following
cases:
• [40, Theorem 4.1.4]G is Abelian;
• [40, Theorem 4.1.5]G is connected and precompact.
The proofs of both items are based on the fact that metrizable groups admit a suitable
set and the group G is totally dense in a product of metrizable groups.
We do not know whether “totally minimal” can be replaced by “minimal” in
Theorem 4.19, asking the group to satisfy the conjunction of both conditions in the theorem
(see Question 7.8). The next theorem shows that this is possible if one adds also countable
compactness. The role of connectedness will show later in Example 4.22.
Theorem 4.20 [40, Theorem 4.2.1]. Every connected Abelian group that contains a dense
countably compact minimal group has a suitable set. In particular, every connected
countably compact minimal Abelian group has a suitable set.
We conjecture that “Abelian” can be eliminated from Theorem 4.20.
Theorem 4.21. Let G be a countably compact minimal Abelian group. Then c(G) has a
suitable set. If G has a suitable set, then also G/c(G) has a suitable set.
Since both c(G) andG/c(G) are minimal (by Theorem 4.9), the above theorem reduces
the study of the general countably compact minimal Abelian groups that have a suitable
set to the case of totally disconnected ones.
Now we show that that a minimal countably compact Abelian group need not have a
suitable set (compare with Theorem 4.20).
Example 4.22. There exists a totally disconnected ω-bounded (and hence countably
compact) minimal Abelian group without suitable sets. To get an example take to inverse
image H under the canonical homomorphism Z(4)c→ Z(2)c of the subgroupG of Z(2)c
constructed as in Example 4.17(3). By Proposition 4.18H has no suitable sets. Minimality
of H follows from Fact 2.9.
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The following theorem from [43] connects countably compact groups admitting suitable
sets with an additional property with the class K of compact Abelian group that admit a
totally dense countable subgroup. This class was characterized by Prodanov [31] in the
following way: a compact Abelian groupG ∈K if and only if for every prime p the group
G contains no copies of the group Z2p and G[p] is finite.
Theorem 4.23. Let G be a countably compact Abelian group. Then G admits a suitable
set S that generates a totally dense subgroup of G if and only if G is compact and G ∈K.
It should be noted that the groups inK are metrizable, so that a countably compact group
that belongs to K is necessarily compact.
5. Other presentations of countable compactness
5.1. Countable compactness as a star covering property
Fleischman [55, Theorem 1, Proposition 9] proved that for a regular T1 topological space
X countable compactness coincides with starcompactness: for every open cover γ of X
there exits a finite subset F of X such that St(F, γ ) coversX (see also [52, Theorems 2.14
and 2.1.5], the definitions here follow [79] and differ from those in [52]).
Here is a possibility to give different levels of starcompactness: for n ∈N a space X is
• n-starcompact if for every open cover γ of X there exits a finite subset F of X such
that Stn(F, γ ) covers X;
• n 12 -starcompact if for every open cover γ of X there exits a finite subfamily A of γ
such that Stn(
⋃A, γ ) covers X.
Clearly, 1-starcompactness coincides with countable compactness and it is known that
countably compact⇒ 1 12-starcompact⇒ 2-starcompact⇒ pseudocompact.
For Tychonov spaces all further steps give always “pseudocompact” (= 2 12 -starcompact),
so for topological groups we have two intermediate properties between “countably
compact” and “pseudocompact”. Examples showing that the first two implications cannot
be reversed were given by Matveev, but it is still an open problem whether every
pseudocompact group is 2-starcompact [79].
The following strengthening of countable compactness was proposed by Matveev [76]:
a topological space X is absolutely countably compact if for every dense subset D of X
and for every open cover γ = {Ui} of X there exists a finite subcover of the open cover
{St(x, γ ): x ∈ Y } of X.
In the next theorem we collect some known facts: the existence of non-compact
absolutely countably compact groups (1,2,4), and the existence of ω-bounded non-
absolutely countably compact groups (this follows from (3)).
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Theorem 5.1.
(1) Countably compact groups of countable tightness are absolutely countably
compact [76, Theorem 1.8].
(2) Σ-products of compact spaces of countable tightness are absolutely countably
compact [76, Theorem 1.9].
(3) Σ-products of compact spaces need not be absolutely countably compact (e.g.,
Σ(Kω1) where K = {0,1}ω1 [4, Example]).
(4) The quotient group of any absolutely countably compact group is again absolutely
countably compact (since absolute countable compactness is preserved under open
continuous surjections [76, Proposition 3.2]).
(5) Continuous isomorphic images of absolutely countably compact groups need not be
absolutely countably compact.
(6) [81] Let G be a group and let H be a nontrivial group. Assume that G × Hκ is
absolutely countably compact for a cardinal κ . Then G is initially κ-compact.
(7) [81] A separable, countably compact group need not be absolutely countably
compact.
The existence of countably compact non-absolutely countably compact groups follows
also from the fact that every ω-bounded group G has all its powers ω-bounded and
hence countably compact, while by the above mentioned theorem,Gw(G) is not absolutely
countably compact (see Section 6.3). The following explicit example is given in [77]. Let
K = Dω1 and let H be the subgroup ΣK of K (the Σ-product). Then H is absolutely
countably compact by (1). In order to get a non absolutely countably compact group,
take the element e of K that represents the function constant 1. Then the coset e + H
is again absolutely countably compact, but the subgroup G=H + 〈e〉 =H ∪ (e +H) is
not absolutely countably compact. For (5) note that the Cartesian productH×〈e〉 equipped
with the product topology is absolutely countably compact being isomorphic to H .
Hence the identity homomorphism H × 〈e〉 → G does not preserve absolute countable
compactness. For (7) fix a separable countably compact subgroupG1 ofDc. ThenG1×Dc
is separable and countably compact. Sincew(G1)6 c,G1×Dc is not absolutely countably
compact by (6). Ohta and Song [81] note also that under the assumption 2ω < 2ω1 and
ω1 < s there exists a separable sequentially compact non-absolutely countably compact
group (here s denotes the splitting number, i.e., the minimum cardinal number κ such
that {0,1}κ is not sequentially compact; for the consistency of this assumption with ZFC,
see [50, Theorem 5.4]). The same fact was established under a stronger set theoretic
assumption also by Pack [84, Theorem 1.3.23].
Example 5.2. Let {Gi : i ∈ I } be a family of nontrivial compact metrizable groups
and G =∑(∏i∈I Gi) provided with the product topology. Then G is ω-bounded and
absolutely countably compact (by (2)). Moreover,
(a) if each Gi is minimal with trivial center, then G is minimal;
(b) if each Hausdorff quotient of Gi is minimal with trivial center, then G is totally
minimal. If I is uncountable, then G is non-compact (cf. Example 3.1). If each Gi
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is connected, then G is connected. For example, one can take Gi = SO3(R) for
every i ∈ I .
According to (1) hereditarily separable countably compact groups are absolutely
countably compact (e.g., the group in Example 2.13). However, we have no examples of
non-compact absolutely countably compact minimal Abelian groups (cf. Question 7.9).
Item (6) of the theorem shows that absolute countable compactness is not preserved
under taking products with compact groups. In general it is not preserved under taking
closed subspaces [78], but it remains unclear what can be said about closed subgroups
of absolutely countably compact groups. The same question is open about the other
star-compactness properties between countable compactness and pseudocompactness (in
particular, we do not know whether 1 12 -starcompact groups are pseudocompact). All these
deficiencies of absolute countable compactness make fail the usual techniques used till now
for construction of countably compact or even ω-bounded groups. We defer to Sections 6–7
our contributions in this direction mainly consisting of questions.
5.2. Countable compactness as categorical compactness
It is a well-known theorem of Hanai [54] that a topological spaceX is countably compact
if and only if it satisfies one of the following equivalent conditions:
• the projection X× Y → Y is closed for every sequential space Y ;
• for every space Y the projection X × Y → Y sends closed subsets to sequentially
closed subsets of Y .
Actually, it suffices to take as Y the one-point compactification N∞ of N.
Analogously, one can prove that a topological space X is ω-bounded iff it satisfies one
of the following equivalent conditions (see [28]):
• the projection X× Y → Y is closed for every countable space Y ;
• the projection X× Y → Y is closed for every space Y with countable tightness;
• the projection X× Y → Y is ω-closed for every space Y .
It is easy to check that for every topological group G the following conditions are
equivalent:
C
(1)
ω for every countable group H the projection G×H →H sends closed subgroups
of G×H to closed subgroups of H .
C
(2)
ω for every groupH the projectionG×H →H sends ω-closed subgroups ofG×H
to ω-closed subgroups of H .
C
(3)
ω for every group H the projection G×H →H sends closed subgroups of G×H
to ω-closed subgroups of H .
Definition 5.3. Let G be a topological group. Call G:
• categorically ω-compact if it satisfies the equivalent conditions C(1)ω –C(3)ω ;
• categorically countably compact, if for every group H the projection G× H → H
sends closed subgroups of G×H to sequentially closed subgroups of H .
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These definitions are given in analogy to categorical compactness introduced and
studied in [44] (a group G is categorically compact, if for every group H the projection
G × H → H sends closed subgroups to closed subgroups). It was mentioned there
that every categorically compact group G has the following property: all continuous
homomorphic images of G are complete, and groups with this property were called h-
complete. This suggests to call a group G h-ω-complete if all continuous homomorphic
images of G are ω-complete. It is easy to see that categorically countably compact groups
are h-sequentially complete, while categoricallyω-compact groups are h-ω-complete. This
proves the vertical implications in the following diagram, the horizontal implications are
easily verified as well:
compact ⇒ ω-bounded ⇒ countably compact
⇓(a) ⇓(b) ↗(δ) ⇓(c)
cat. compact ⇒ cat. ω-compact ⇒ cat. countably compact
⇓(d) ⇓(e) ⇓(f)
h-complete ⇒ h-ω-complete ⇒ h-sequentially complete ⇒ sequentially complete
(3)
The first column of diagram (3) collapses in the case of nilpotent groups [44], we show
below that this holds true for the second column as well due to the fact that nilpotent
h-sequentially complete groups are precompact. In general, it is still an open question
whether the reverse implication of (a) is true [44, Question 1.2], hence the implication
categorically compact ⇒ countably compact is open too (it is equivalent to the the
reverse implication of (a) by virtue of (d)). The fact that the second column collapses for
precompact groups entails that countable compactness does not imply h-ω-completeness—
this excludes all southwest arrows. Example 5.7 shows that h-complete 6⇒ categorically
countably compact (i.e., none of the implications (d)–(f) is invertible). This excludes all
remaining northeast arrows except “cat. ω-compact (δ)⇒ countably compact” that holds for
precompact groups in virtue of Corollary 5.6. Note that from (the validity of) (δ) follows
(the validity of) the reverse implication of (a). Those implications that remain open in (3)
are the converses of (b) and (c). Each one of them implies (δ).
One can prove the following properties repeating the arguments from [44] (item (1)
is easy to prove, for (3) applies the argument from [44, Proposition 2.18], for (4) [44,
Example 5.6] gives an example of a locally compact metrizable connected h-sequentially
complete group where this fails).
Proposition 5.4.
(1) Categorical ω-compactness is preserved under finite products;
(2) categorical ω-compactness and categorical countable compactness are preserved
under taking closed subgroups;
(3) h-sequential completeness is preserved by taking closed central subgroups;
(4) h-sequentially completeness is not preserved under taking closed normal subgroups.
Theorem 5.5. Nilpotent h-sequentially complete groups are precompact.
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We sketch a proof here (for more detail see [38]). Separable metrizable h-sequentially
complete Abelian groups are easily seen to be minimal by Banach’s Open Mapping
Theorem 2.3 (it applies here, as metrizable sequentially complete groups are precisely the
complete ones). By Prodanov–Stoyanov’s Theorem complete minimal Abelian groups are
compact. Next, every separable h-sequentially complete Abelian group G is a subgroup
of a product of separable metrizable h-sequentially complete Abelian groups, that are
compact. Hence G is precompact. As h-sequential completeness in Abelian groups
is preserved by closed subgroups, and since precompactness is checked on separable
subgroups, we conclude that all h-sequentially complete Abelian groups are precompact.
In the general case Z(G) is h-sequentially complete by Proposition 5.4, hence precompact.
Now G/Z(G) is again h-sequentially complete and the proof goes on by induction on the
nilpotency class.
The above theorem implies that nilpotent separable h-ω-complete groups are compact.
This proves the following corollary (an alternative way to prove it for Abelian groups is to
note that in the separable case categorical ω-compactness coincides with h-completeness,
so compactness comes from [44, Corollary 3.9]).
Corollary 5.6. For nilpotent groups categorical ω-compactness and h-ω-completeness
coincide with ω-boundedness.
This corollary shows that countable compactness does not imply h-ω-completeness
(for nilpotent groups). The next example shows that nilpotency is essential in the above
corollary.
Example 5.7. Locally compact connected categorically countably compact groups are
compact (since R is not categorically countably compact by Theorem 5.5 one can argue
as in [44, Proposition 5.1]). Hence the h-complete group SL2(R) is not categorically
countably compact. This shows that a separable h-sequentially complete group need not
be precompact.
Separable categorically ω-compact groups are complete.
Theorem 5.8. A separable categorically ω-compact groupG is B-complete. IfG is either
hereditarily separable or locally compact, then G is totally minimal.
Sketch of the proof. The first part follows the proof of [44, Theorem 3.4]. To see that G
is totally minimal when G is hereditarily separable consider any closed subgroup H of G.
Since H is separable (by hypothesis) and categorically ω-compact, we conclude that H is
h-complete. Then by Corollary 3.3 of [44] G is totally minimal. 2
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6. Products and powers of countably compact minimal groups
6.1. Minimality of products
The following result (given in [26] for countably compact groups) resolves the problem
of minimality for finite products of minimal sequentially complete groups.
Theorem 6.1. Let G be a sequentially complete minimal group. Then G×H is minimal
for every minimal group H .
Follows immediately from Corollary 4.10 and the next
Claim. If Z(G) is covered by compact subgroups, then G × H is minimal for every
minimal group H .
Proof. According to a theorem of Megrelishvili [80, Proposition 1.13] G×H is minimal
iff Z(G×H)= Z(G)×Z(H) is minimal. Since Z(G) is covered by compact subgroups
the product Z(G) × N is minimal for every minimal group N ([100], or [31, Theo-
rem 6.1.8(c)]). 2
The theorem yields that all finite powers of a countably compact minimal group are
minimal (this is not true for pseudocompact minimal Abelian groups—see Example 6.17).
This suggests the following question, set in [34] in the Abelian case:
Question 6.2. Let G be a minimal countably compact group. Is Gω minimal?
We shall see below that this question cannot be answered in ZFC even in the case of
Abelian groups, leaving countable compactness vary from ω-boundedness to sequential
completeness.
A general criterion for minimality of arbitrary products of Abelian groups was given
in [22] (see also [31, Theorem 6.2.3]). In the case of countably compact groups, in view of
Theorem 6.1, one can apply this criterion [22], [31, Corollary 6.2.8] to get the following:
Theorem 6.3. Let {Gi}i∈I be a family of sequentially complete connected Abelian groups.
Then G =∏i∈I Gi is minimal iff every countable subproduct is minimal. In such a case
for every prime p there exists a co-finite subset J ⊆ I such that all groups Gi , i ∈ J , are
strongly p-dense.
Lemma 6.4. If G is a sequentially complete connected Abelian group, then G is strongly
p-dense for some prime p iff G is compact.
Proof. In fact G˜ is connected hence divisible, therefore tdp(G˜) is divisible as well. Now
strong p-density implies tdp(G˜)⊆G. Since tdp(G˜) is sequentially dense in G˜, it follows
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also thatG is sequentially dense in G˜. Now the sequential completeness ofG yieldsG= G˜
compact. 2
Lemma 6.5. Let H1, . . . ,Hn, . . . be a family of sequentially complete, minimal groups. If
their product is minimal, then for all but finitely many n the groups c(Z(Hn)) are compact.
Proof. Let Gn = c(Z(Hn)). Then each Gn is a countably compact, minimal Abelian
group. If the product
∏
Hn is minimal, then also
∏
Gn is minimal as a closed central
subgroup. According to Theorem 6.3 the minimality of
∏
n Gn yields that for every prime p
there exists m ∈N such that all groupsGn, n >m, are strongly p-dense. By the preceding
lemma this implies that the groupsGn, n >m, are compact. 2
Theorem 6.6. LetG1, . . . ,Gn, . . . be a family of connected Abelian sequentially complete,
minimal groups. Then their product is minimal iff all but finitely many members are
compact.
Proof. According to the above lemma, if
∏
n Gn is minimal, then all but a finite number
of the groups Gn are compact. Conversely, if all but a finite number of the groups are
compact, then Theorem 6.1 applies. 2
The following corollary will enable us to answer Question 6.2 (see Theorem 6.15).
Corollary 6.7 [27]. Let G be a countably compact group such that Gω is minimal. Then
c(Z(G)) is compact.
Minimality of products of center-free minimal groups was established by Megrelishvili
[76, Theorem 1.15]. This helps to prove the following:
Theorem 6.8. Let {Gi}i∈I be a family of connected countably compact minimal groups
and G=∏i Gi .
(1) If only finitely many of the groups Z(Gi) are non-compact, then the product G is
minimal.
(2) If all groupsGi are totally minimal, then G is totally minimal too.
Proof. (1) Assume that only finitely many of the centers Z(Gi) are non-compact, say
for i1, . . . , in ∈ I . Let K =∏i∈I, i 6=i1,...,in Gi and L =∏nk=1Gik . Then, according to the
three-space-problem result in [53], K is minimal since Z(K) is compact and K/Z(K)
is minimal as a product of the center-free minimal groups Gi/Z(Gi) by Megrelishvili’s
theorem. Finally, G=K ×L is minimal by Theorem 6.1 applied n times.
(2) Assume all groups Gi are totally minimal. Then every Z(Gi) is compact by
Theorem 3.4. Then Z(G) is compact, hence the total minimality of G follows from the
total minimality of the quotientG/Z(G) and the three space property [53]. 2
In the sequel we concentrate on minimality of infinite powers of Abelian groups.
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6.2. Minimality of the powers of countably compact groups
We begin with a corollary of Theorem 6.8:
Corollary 6.9. Let G be a connected ω-bounded totally minimal group. Then all powers
of G are ω-bounded and totally minimal.
Example 6.10. There exists a connected ω-bounded totally minimal group that is not
absolutely countably compact. In fact, take a non-compact connected ω-bounded totally
minimal group G (they exist by Theorem 3.5). Then Gw(G) is not absolutely countably
compact, but it is connected ω-bounded and totally minimal by the above corollary.
The minimality of arbitrary powers of an Abelian group G was characterized by
Stoyanov [105] (the equivalence (a)⇔ (b) was proved in [103, Theorem 3.5]).
Theorem 6.11. For a minimal Abelian group G the following are equivalent:
(a) G is strongly p-dense for every prime p;
(b) all powers of G are minimal;
(c) Gc is minimal.
The following theorem, proved in [34], enhances the importance of Question 6.2. It
follows directly from Theorem 6.3.
Theorem 6.12. For a minimal countably compact Abelian group G all powers are
minimal iff Gω is minimal.
The results from Section 4.2 and Lemma 6.4 will permit now to answer Question 6.2.
For the connected case Theorem 6.11 and Lemma 6.4 permit to immediately obtain the
following:
Corollary 6.13. A connected minimal countably compact Abelian group G is compact iff
Gω is minimal.
In the totally disconnected case one can prove the following theorem by means of
Theorems 4.13 and 6.11.
Theorem 6.14 [45]. All powers of a totally disconnected sequentially complete Abelian
group are minimal.
This theorem, along with Theorem 4.9(a), yields that for a minimal countably compact
Abelian groupG the power (G/c(G))ω is minimal. Now we can answer Question 6.2:
Theorem 6.15. For a minimal countably compact Abelian group G the power Gω is
minimal precisely when c(G) is compact.
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In fact, assume that Gω is minimal for a minimal, countably compact Abelian groupG.
Then c(G) is compact by Corollary 6.13. Conversely, when c(G) is compact, we argue
applying Theorem 4.9(c) to the group Gω and its minimal (by Theorem 6.14) quotient
Gω/c(G)ω ∼= (G/c(G))ω.
According to the above theorem the minimality of Gω “measures” the compactness of
c(G).
Corollary 6.16 [42,45]. Under the assumption that there exist no Ulam-measurable
cardinals, all powers of a countably compact Abelian group are minimal. Under the
assumption that there exist Ulam-measurable cardinals, there exists an ω-bounded Abelian
group G such that Gω is not minimal.
The proof is based on Theorem 4.12, Proposition 4.4 and Theorem 4.13.
In other words, Corollary 6.16 entails that the assertion “all powers of a countably
compact minimal Abelian groups are minimal” is equivalent to the non-existence of Ulam-
measurable cardinals.
It should be noted that there exist pseudocompact minimal Abelian groups G with Gω1
non-minimal, but Gω minimal (Example 6.17, for more detail see [26]).
Corollaries 6.13 and 6.16 and Theorems 6.14, 6.15 were proved in [42] in the case of
ω-bounded groups.
6.3. Critical power of minimality, countable compactness and more
In order to measure the failure of minimality to be preserved by powers one can define
the following cardinal invariant (critical power of minimality, [22]) for a topological group
G:
κ(G)=
{∞ if all powers of G are minimal,
min{α: Gα is not minimal} otherwise,
where the symbol∞ has the property α <∞ for every cardinal α. Note that κ(G)= 1 iff
G is not minimal. For every Abelian groupG either κ(G)6 c or κ(G)=∞ by Stoyanov’s
Theorem (6.11). This definition slightly differs from those in [22] and [31, Chapter 6] (only
for values 1 and∞).
Example 6.17.
(a) [33] For every n > 1 there exists a minimal Abelian group Gn with κ(Gn)= n.
(b) [33] There exists a groupG with 2κ(G) > c (consequently, κ(G) > ω).
(c) [35, Corollary 1.13] Under the assumption 2ω1 = c, for every natural number n there
exists a pseudocompact Abelian groupG with κ(G)= n.
(d) [26] There exist pseudocompact totally disconnected groups G with κ(G)= ω and
κ(G)= ω1.
Clearly, under MA (b) gives κ(G)= 2ω.
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One can extend the definition of κ to other properties P of topological groups that need
not be preserved by products, and such that Gρ ∈ P for some power ρ always implies
Gσ ∈ P for σ < ρ. Countable compactness is such a property—in 1966 Comfort asked
if countable compactness is preserved by products of topological groups (cf. [93, Ques-
tion 7.3] or [48]).
Example 6.18. Under the assumption that there exists a countably compact Abelian group
E of exponent 2 without converging sequences van Douwen produced (by an easy “tearing
apart” ZFC-construction [48, 6.2]) two countably compact Abelian groups E1 and E2 of
E such that E1×E2 has a closed countable subgroupD (to get such a countably compact
subgroup E of {0,1}c he needed MA, cf. Example 2.10). By Lemma 2.2 D cannot be h-
sequentially complete, hence by Proposition 5.4 E1 ×E2 is not h-sequentially complete.
In particular, E1 × E2 is not countably compact. The existence of such a pair E1,E2 in
ZFC is still an open question [9, Question 1A.2]. As noted by van Douwen in [48, 7.4] the
groups E1,E2 can be made also initially ω1-compact.
Later Hart and van Mill [65] showed that the groups E1 and E2 can be taken equal and
the assumption can be weakened to MAcountable (a weak version of MA equivalent to the
condition that the real line is not the union of fewer than c-many nowhere dense subsets).
Critical power of countable compactness γ (G) of a group G can be defined as follows:
γ (G)=

∞ if all powers ofG are
countably compact,
min{α: Gα is not countably compact} otherwise.
This was implicitly done by Comfort [9, p. 317] (see also [26]). Note that γ (G) = 1
iff G is not countably compact. For every group G either γ (G) 6 2c or γ (G) =∞ by
the Ginsburg–Saks’ Theorem [61]. Groups G with γ (G) = ∞ (or equivalently, G2c—
countably compact) are also called potentially countably compact.
The question whether there exists a countably compact group G with γ (G) = 2c, and
the more general question whether for every cardinal α 6 2c there exists a countably
compact groupG with γ (G)= α, seem to be still open [9, Question 1A.3]. The countably
compact groupH found in [65] has γ (H)= 2. Tomita [109] constructed under MAcountable
a countably compact group H with γ (H) = 3. Recently he [110] found (again under
MAcountable) for every k ∈ N a dense countably compact subgroup G of {0,1}c with
k < γ (G) 6 2k . Since all countably compact groups that appeared so far were proper
dense subgroups of {0,1}c, none of them is minimal, so that κ(H) = 1 for all of them.
We offer below an improvement of these constructions from the point of view of κ (cf.
Theorem 6.19).
In analogy to the critical powers κ and γ one can consider the property of having a
suitable set. More precisely, now the class P will consist of those topological groups that
do not have a suitable set. Then Gk ∈ P implies Gl ∈ P for all l 6 k (for infinite k this
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follows from [12, Theorem 4.1], for finite powers this was proved in [111, Lemma 5]).
Now define the corresponding critical power for P as before:
τ (G)=
{∞ if no power of G has a suitable set,
min{α: Gα has a suitable set} otherwise.
Obviously, τ (G) = 1 iff G has a suitable set. If τ (G) > 1 is finite, then τ (G) = k + 1,
where Gk is the maximal power that has no suitable set.
Minimal groups of exponent 2 are compact (by Theorem 2.9), hence the groups obtained
in [65,110] cannot be minimal. We offer now a modification of these groups in order to
make them also minimal. The idea is that for a subgroup H of Z(2)c = {0,1}c one can
consider the inverse imageG ofH under the canonical homomorphism f :Z(4)c→ Z(2)c,
where Z(4) is the cyclic group of order 4. Since the restriction G→ H of f is a closed
homomorphism (as the kernel of f is compact), it follows from [40, Proposition 3.4.1],
applied to the homomorphismGλ→Hλ for every λ, that Hλ has a suitable set whenever
Gλ has a suitable set, i.e., τ (G)> τ (H). This leads to an “improvement” of the properties
of the input group H .
Theorem 6.19 [27].
(1) For every countably compact group H of exponent 2 there exists a minimal,
countably compact, zero-dimensional Abelian groupG with γ (G)= γ (H), τ (G)>
τ (H) and κ(G)=∞.
(2) For every family {Hi}i∈I of countably compact subgroups of {−1,1}c there exists
a family of minimal groups {Gi}i∈I such that for every J ⊆ I the groups GJ =∏
i∈J Gi and HJ =
∏
i∈J Hi satisfy γ (GJ ) = γ (HJ ), κ(GJ ) =∞ and τ (GJ ) >
τ (HJ ).
The groups G and Gi may be chosen of any exponent 2n with n > 1 or torsion-free (as a
subgroup of Zc2).
Here is an example to the effect of a family {Hi}i∈I as in (2) given by Tomita [109]:
for any fixed k ∈ N there exists a sequence {Hn}∞n=1 of countably compact, subgroups Hn
of {−1,1}c, such that for every collection of k many of them the product is countably
compact and for every collection of k + 1 many of them the product is not countably
compact. Clearly, now the product of every collection of k many groups Gn is countably
compact, while the product of every collection of k + 1 many of them is not countably
compact.
The groups H in Theorem 6.19 witnessing a certain value γ (H)= α have very strong
minimality properties, namely κ(H)=∞ (in particular, for α 6=∞ one gets a sequentially
complete minimal groupHα that is not countably compact). On the other hand, according
to Corollary 6.16, the countably compact minimal Abelian groupG having κ(G)= ω (the
only 6=∞ value!) can be chosen ω-bounded, hence having γ (G)=∞.
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There is a curious relation between γ and τ due to the following lemma which also
appeared in [111, Main Theorem] with distinct groups G1 and G2 instead of just one
groupG.
Lemma 6.20 [39, Lemma 3.1]. Let G be a topological group. If G contains a closed
discrete subset A such that |A|> d(G), then G×G has a closed suitable set.
Actually, we use the following direct consequence of the lemma: if G is a separable
non-countably compact group, then G2 has a suitable set (or the more general form given
in [111, Corollary 1]: ifG1,G2 are two separable groups which are not countably compact
then G1 ×G2 has a closed suitable set).
An easy relation is obtained directly from Proposition 4.18.
Claim. Let G be a topological group with τ (G) > 1. Then τ (G)> γ (G).
Proof. Assume that τ (G) < γ (G). Then Gτ(G) is countably compact and has a suitable
set. Then by Proposition 4.18 also G must have a suitable set—a contradiction. 2
The following theorem was proved in [39] by means of Lemma 6.20.
Theorem 6.21 [39, Theorem 3.2]. Let G be a topological group and κ an infinite non-
Ulam-measurable cardinal such that G2κ is not countably compact and d(G)6 2κ . Then
G2
κ has a closed suitable set.
Let G be a topological group of non-Ulam-measurable cardinality. According to the
above theorem τ (G)=∞ implies thatG is potentially countably compact, i.e., γ (G)=∞
[39, Corollary 3.3]. Along with the claim this gives:
Corollary 6.22. For a topological group with τ (G) > 1 and |G| non-Ulam-measurable:
(1) τ (G)=∞ iff γ (G)=∞.
(2) γ (G)6 τ (G)6 2logγ (G)·d(G) for every possible value of γ (G).
If in (2) d(G)6 c, then under the assumption c+ = 2c we get again τ (G)= γ (G). Note
that (2) works formally also with γ (G)=∞ that gives τ (G)=∞.
The groupsG from items (1) and (3) of Example 4.17 have τ (G)=∞, while the group
G of Example 4.17(2) has τ (G) > ω.
The next proposition improves the inequality γ (G)6 τ (G)6 c ·2logγ (G) from (2) of the
above corollary for a separable groupG. It follows from [111, Corollary 4] and the Claim.
Proposition 6.23. Let G be a separable group with τ (G) > 1 and γ (G)6 c. Then
γ (G)6 τ (G)6 2 · γ (G).
In particular, γ (G)= τ (G) when γ (G) is infinite.
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The following examples were constructed in [111] under the assumption of MA(σ -
centered).
Example 6.24. (MA(σ -centered)) There exist separable groups H with τ (H)= 2,3, and
τ (H)> ω. Also, for every natural m> 0 there exists a separable H with m< γ (H)6 2m
and m< τ(H)6 2 · γ (H) (so τ (H)6 2m+1).
Tomita and Watson [112] improved these results quite recently working under the
assumption of MAcountable:
Example 6.25. (MAcountable)
(1) There exist at least c+ many non-homeomorphic group topologies on the free
Abelian group of size c which makes it separable countably compact without
nontrivial convergent sequences with its square not countably compact.
(2) For every positive integer n > 2 there exists a separable countably compact group
without nontrivial convergent sequences and γ (G)= τ (G)= n.
(3) There exists a separable c-sized groupG of order 2 with γ (G)= τ (G)=∞.
The group of (3) answers consistently a question from Tkacˇenko [113] (actually, it is
a p-compact group without nontrivial convergent sequences, hence no power of G has a
suitable set).
Critical power of absolute countable compactness α(G) can be introduced for a
topological groupG as above (it makes sense since absolute countable compactness forGλ
yields absolute countable compactness for all powers Gβ with β < λ by Theorem 5.1(4)).
For every non-compact group G there exists a power Gτ that is non absolutely countably
compact [76, Theorem 2.15], thus α(G)=∞ iff G is compact. Moreover, as observed by
Vaughan [118] (this follows also from Ohta and Song’s result, see Theorem 5.1(6)),
α(G)6min{β: there exists an open cover of
G of β many sets that has no finite subcover}.
Clearly this is the least β such thatG is not initially β-compact. Since a non-compact space
G cannot be initially w(G)-compact, it follows that α(G)6w(G). Note that here equality
is attained by the group G=Σ({0,1}ω1), since Gω ∼=G is absolutely countably compact.
In general, α(G) 6 γ (G), so that α(G) 6 2c when γ (G) 6= ∞. For the Σ-product G of
Theorem 5.1(3) we have the maximal gap α(G) = 1 and γ (G) =∞. Clearly G cannot
be separable (being ω-bounded); a separable example with these properties was found
consistently by Pack [84, Theorem 1.1.4].
Malyhin’s [75] MA-example of a hereditarily separable countably compact subgroup of
{0,1}c with γ (G)= 2 is absolutely countably compact, so α(G)= 2. This gives evidence
that absolute countable compactness is not preserved even under taking Cartesian squares.
All powers of an ω-bounded group G of weight σ are ω-bounded (hence countably
compact), while,Gσ is not absolutely countably compact by the above remark. If the group
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G in question has also all its powers minimal (i.e., κ(G)=∞, this is easy to arrange by
Theorem 6.19), we obtain
Example 6.26. For every σ > ω there exists an ω-bounded minimal Abelian group of
weight σ that is not absolutely countably compact. In addition, one can get also τ (G) > 1
(see Example 4.22).
7. Questions
Our first question concerns the diagram in Section 2.1
Question 7.1.
(1) Find an example of a precompact h-sequentially complete group that is not
countably compact.
(2) Find an example of a pseudocompact sequentially complete group that is not h-
sequentially complete.
(3) Find an example of a (precompact) sequentially complete group that has non-
sequentially-complete quotients.
(4) Are precompact minimal sequentially complete groups pseudocompact?
(5) Are minimal sequentially complete totally (hereditarily) disconnected groups zero-
dimensional?
In some cases (4) has a positive answer—when the group has large hereditarily
pseudocompact (in particular, countably compact) subgroups. In view of Lemma 2.2 and
[24, Theorem 1.2] (5) is true for h-sequentially complete groups (in case the group is not
nilpotent one has to require also precompactness). On the other hand, it was shown in [36]
that (5) is true for Abelian minimal sequentially complete groups.
Question 7.2. Which of the following properties of an infinite topological group guarantee
the existence of converging sequences: (i) countably compact and minimal; (ii) countably
compact and totally minimal; (iii) totally minimal?
We recall that G′ denotes the derived subgroup of a groupG, and that the derived series
G(n) of a group G is defined by: G(0) = G and G(n+1) is the derived group of G(n).
The group G is soluble if G(n) = {1} for some integer n, G is metabelian if G(2) = {1}.
Theorem 3.4 leaves open the following
Question 7.3.
(i) Are G′ and c(G) totally minimal for a countably compact totally minimal group
G?
(ii) Is a soluble (in particular, metabelian) countably compact totally minimal group
necessarily compact?
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(iii) Can “countably compact” be weakened to “sequentially complete” also in the
nilpotent (soluble, metabelian) case?
“Yes” to the first part of (i) implies “Yes” to (ii) after iterated applications of
Theorem 3.4.
Let us recall also the following open problem from [34].
Question 7.4. Characterize the class T of topological groups which do not admit proper
totally dense countably compact subgroups.
Theorem 3.4 was proved in [34] in the following more general form: no ω-bounded
Abelian group contains a proper, totally dense, countably compact subgroup. Hence all
ω-bounded groups belong to the class T . We do not know if T contains also all countably
compact groups as well. Here is an example of an Abelian group that does not belong to
this class.
Example 7.5. Let ω < α 6 c and H =Σ(Tα). Let x ∈ Tα such that 〈x〉 is dense in Tα .
Then H is a proper, totally dense, ω-bounded subgroup of the subgroup G = H + 〈x〉
of Tα .
Item (1) below is suggested by the fact that the center of a countably compact minimal
group is covered by compact subgroups (Corollary 4.10). Item (3) is a counterpart of
Uspenskij’s Theorem (2.5) for countably compact groups.
Question 7.6.
(1) Is every countably compact minimal groupG covered by compact subgroups?
(2) LetG be a sequentially complete minimal group. Is the center of the subgroup c(G)
covered by compact subgroups?
(3) Characterize the (closed) subgroups of countably compact minimal groups. Is every
countably compact group a closed subgroup (a retract) of a countably compact
minimal group? What about totally minimal?
(4) Is Corollary 4.14 true for nilpotent h-sequentially complete minimal groups?
(5) Does every infinite countably compact minimal groupG have cardinality 2w(G) (cf.
Corollary 4.15)?
Question 7.7. Prove or disprove the following statement for a countably compact groupG.
(1) G admits a suitable set if G has a compact normal subgroup N such that G/N has
a suitable set;
(2) G admits a suitable set if G is totally minimal and G/Z(G) has a suitable set;
(3) G admits a suitable set if G is totally minimal.
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Clearly, (3) implies (2) (by Proposition 4.18), while (1) and (2) together imply (3) (since
Z(G) is compact by Theorem 3.4). We also have the following question on suitable sets
(cf. Theorem 4.20).
Question 7.8. Does every connected minimal Abelian group admit a suitable set?
It will be interesting to see what can be said about (total) minimality added to the
properties close to countable compactness considered in Section 5.1. In particular:
Question 7.9.
(1) Is there a non-compact absolutely countably compact minimal Abelian group?
(2) Is it possible to arrange the examples from Theorem 4.3 to be absolutely countably
compact?
(3) Which of the theorems working with (h-)sequential completeness remain valid for
2-starcompact (1 12 -starcompact) groups?
One can easily prove that a countably compact minimal Abelian group has countable
tightness iff it is metrizable (hence, compact). This explains the difficulty in finding an
example for (1) (the non-Abelian example given in Example 5.2 has countable tightness).
Question 7.10.
(1) Must a precompact h-sequentially complete group be countably compact (or at least
categorically countably compact)?
(2) Is categorical ω-compactness preserved under arbitrary products?
(3) Are categorical countable compactness and h-ω-completeness preserved under
finite products?
(4) Is h-sequential completeness consistently preserved under finite products (cf.
Example 6.18)?
It follows from a general categorical theorem proved in [8] that (2) is true for countable
products. It suffices to verify that the closure operator clω satisfies for countable products
the so-called property f.s.p.p. used there (see the precise definition in [8] or [41, p. 101]).
However, clω does not satisfy f.s.p.p. for arbitrary products, so [8, Theorem] cannot be
applied. An alternative way to prove (2) is to use some appropriate characterization of
categorical ω-compactness in terms of filters following [44]. We do not know if adding
minimality (nilpotency) may help in answering Question 7.10. (Note that nilpotency gives
“Yes” in (2) and the last case of (3).)
Question 7.11. Is there (consistently) a connected minimal Abelian groupG with γ (G)=
2?
By Theorem 4.3 the answer is “No” if there exist no Ulam-measurable cardinals. Under
MA(σ -centered) Tomita [109] has built a countably compact free dense subgroup F of Tc
124 D. Dikranjan / Topology and its Applications 98 (1999) 81–129
with γ (F )= 2. Obviously, F is connected. If we follow the idea from Theorem 6.19 we
could take a continuous surjective homomorphism f :Kc→ T c and define G= f−1(F ).
This is a countably compact connected proper subgroup of Kc, however it cannot be
minimal by Theorem 4.3.
It will be desirable to describe better the relations between the four cardinal in-
variants κ, γ, τ and α and to characterize the cardinals that can be realized as values
κ(G), γ (G), τ (G) and α(G) for some appropriate groupG. In particular, we do not know
the answer of the following questions:
Question 7.12. Is there
(1) a (minimal) group G with α(G)= ω1?
(2) a separable groupG with 1< γ (G) < τ(G) < ω?
(3) a separable groupG with 1< γ (G) < ω and τ (G)= 2 · γ (G)?
(4) a separable group G with γ (G) = γ and τ (G) = 2ρ for every pair of infinite
cardinals γ,ρ satisfying c< γ 6 2ρ 6 2c?
Note that in general τ (G) 6 2 · γ (G) in (2) and (3) (cf. Proposition 6.23), while
τ (G)6 2ρ in (4) (cf. Corollary 6.22).
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